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摘要 
單 輪 陀 螺 平 衡 機 器 人 ， 我 們 稱 之 為 “ G y r o v e r " ， 是 一 種 新 型 的 移 動 機 器 
人 。 它 可 以 實 現 機 器 人 快 速 運 動 下 的 動 態 平 衡 。 一 般 來 說 ， 這 種 機 器 人 是 
一 個 滾 動 輪 ， 通 過 旋 轉 的 飛 輪 來 控 制 其 轉 向 ， 並 且 用 驅 動 馬 達 來 推 動 它 
前 進 。 旋 轉 飛 輪 的 功 能 相 當 于 陀 螺 ， 可 以 保 持 機 器 人 的 平 衡 ， 並 且 通 過 
調 節 它 的 傾 斜 角 度 可 以 控 制 機 器 人 的 轉 向 ° 上 述 的 結 構 特 點 使 得 這 種 單 輪 
機 器 人 比 多 輪 式 靜 態 平 衡 移 動 機 具 備 許 多 優 點 ， 包 括 良 好 的 動 態 穩 定 性 
， 抗 姿 態 干 擾 性 ， 靈 活 性 ， 低 滾 動 阻 力 ， 跌 倒 恢 復 能 力 ， 以 及 水 陸 兩 用 
的功能。然而與此同時，這種新型的機器人也帶來了一些建模和控制上的 
批 戰 性 的 問 題 。 首 先 ， 在 單 輪 和 飛 輪 之 間 存 在 高 度 的 搞 合 性 。 其 次 ， 這 
個 系 統 由 于 存 在 滾 動 約 束 以 及 在 滾 動 方 向 上 無 驅 動 而 受 到 兩 種 非 完 整 約 
束 。 第 三 ， 這 種 機 器 人 在 本 質 上 存 在 側 向 的 不 平 衡 性 。 因 此 ， 本 篇 論 文 
的 目 的 就 是 要 研 究 這 種 機 器 人 上 述 的 基 本 特 性 ， 從 而 開 發 出 單 輪 陀 螺 平 
衡 機 器 人 的 自 主 控 制 系 統 。 
為 了 研 究 這 個 動 態 平 衡 但 靜 態 不 平 衡 的 系 統 ， 我 們 首 先 推 導 出 機 器 人 
的動力學模型，其中包括運動學約束和運動方程。在推導過程中，我們把 




和 飛 輪 傾 角 對 機 器 人 轉 向 的 影 響 ， 並 且 通 過 一 些 基 本 實 驗 驗 證 了 這 一 模 
型 o 
由 於 這 種 單 輪 機 器 人 存 在 側 向 不 穩 定 性 ， 因 此 想 要 控 制 它 首 先 就 要 使 
系統平衡。但是因為在側向上沒有驅動器來維持機器人的平衡，我們只能 
利 用 飛 輪 與 滾 論 之 間 的 搞 合 ， 通 過 間 接 控 制 飛 輪 的 傾 角 來 控 制 機 器 人 的 
傾 角 ° 在 本 文 中 ， 我 們 提 出 一 種 線 性 反 饋 控 制 方 法 ， 通 過 調 節 飛 輪 傾 角 使 
機 器 人 能 在 任 何 傾 角 處 達 到 平 衡 ° 
自 主 式 移 動 機 的 一 項 基 本 功 能 就 是 能 夠 跟 縱 預 定 的 路 徑 ° 為 此 我 們 設 
計了 一 種 直 線 跟 縱 控 制 器 ， 它 可 以 讓 機 器 人 從 初 始 位 置 起 跟 縱 任 何 目 標 
直線。這種控制器的基本思想來源于單車的運動 °由于存在滾動約束，單 
輪 機 器 人 只 能 跟 縱 曲 率 連 續 的 路 徑 ， 因 此 ， 我 們 首 先 通 過 控 制 路 徑 的 曲 
率來設計機器人跟縱目標直線的前進速度和轉向速度。另外，因為這種機 
器 人 上 沒 有 安 裝 類 似 單 車 前 輪 的 轉 向 裝 置 ， 所 以 我 們 設 計 的 控 制 器 採 用 
了 顯 性 反 饋 的 方 法 使 機 器 人 可 以 平 衡 在 預 定 的 傾 角 上 ， 從 而 使 機 器 人 的 
轉向速度趨進理想的轉向速度 °這種直線跟縱控制器避免了直接解決受兩 




The s ing le whee l , gy roscop ica l l y s tab i l i zed robo t , ca l led Gy rove r , is a n o v e l concept 
of m o b i l e robots w h i c h p r o v i d e s d y n a m i c s tab i l i t y fo r r a p i d l o como t i on . Genera l ly , i t is 
a sharp -edged w h e e l ac tuated b y a s p i n n i n g f l y w h e e l fo r s teer ing a n d a d r i v e m o t o r fo r 
p ropu l s i on . The s p i n n i n g flywheel acts as a gyroscope to s tabi l ize the r o b o t a n d i t can be 
t i l t ed to achieve steer ing. Th is con f i gu ra t i on conveys s ign i f i cant advantages over m u l t i -
whee l , s tat ica l ly stable vehic les, i n c l u d i n g g o o d d y n a m i c s tab i l i t y a n d i nsens i t i v i t y to at-
t i t u d e d is turbances; h i g h maneuve rab i l i t y ; l o w r o l l i n g resistance; ab i l i t y t o recover f r o m 
fal ls; a n d a m p h i b i o u s capabi l i ty . A t the same t ime , the robo t concept also b r i ngs a n u m b e r 
of cha l leng ing issues i n m o d e l i n g a n d contro l . F i rst , i t is a h i g h l y c o u p l e d d y n a m i c sys tem 
b e t w e e n the w h e e l a n d the flywheel. Second, i t is subject to t w o n o n h o l o n o m i c constra ints 
d u e to the r o l l i n g constra ints a n d unde rac tua t i on i n the r o l l d i rec t ion . T h i r d , i t is i nhe ren t l y 
unstab le i n the la tera l d i rec t ion. Ln th is thesis, the goa l is to s t u d y th is f u n d a m e n t a l charac-
terist ics w h i c h w i l l lead to deve lopmen t of the a u t o n o m o u s con t ro l o f Gyrover . 
h \ o rder to s t u d y such a d y n a m i c a l l y stable b u t stat ical ly uns tab le system, w e deve lop 
d y n a m i c m o d e l of the robot , i n c l u d i n g k inemat i c constra ints a n d m o t i o n equat ions. Jn de-
r i v i n g the m o d e l , w e consider the robo t as a comb ina t i on of three componen ts w h i c h are a 
r o l l i n g d isk , an i n te rna l mechan i sm a n d a flywheel, a n d are l i n k e d b y a t w o - H n k m a n i p u l a -
tor. We s i m p l i f y the m o d e l b y decoup l i ng the t i l t angle of the flywheel f r o m the dynamics . 
I t is s h o w n that the m o d e l of the robo t is nonho lonom ic , underac tua ted a n d n o n - m i n i m u m 
phase. We reveal the na ture of the d y n a m i c c o u p l i n g a n d robo t d y n a m i c proper t ies such 
as the s tab i l i za t ion a n d t i l t i ng effect of the f l y w h e e l to the robot . P re l im ina ry exper imenta l 
results have ve r i f i ed the deve loped mode l . 
O w i n g to the la tera l ins tab i l i t y of the robot , the f i rs t step i n con t ro lHng the robo t is to sta-
b iHz ing the system. Because no actuator can be used for s tabiKzat ion i n the la tera l d i rec t ion, 
the lean angle of the robo t can be cont ro l led on l y ind i rec t l y t h r o u g h t i l t i n g the flywheel due 




robo t to a n y des i red lean angle b y t i l t i n g the flywheel. 
The basic task fo r an a u t o n o m o u s veh ic le is to t rack a des i red pa th . We p ropose a l ine 
f o l l o w i n g con t ro l le r fo r the robo t to t rack any des i red l i ne f r o m a n y i n i t i a l con f igu ra t ions . 
The concept o f the cont ro l le r is based o n the m o t i o n of b icyc le r i d i n g . The robo t can o n l y 
execute a p a t h w i t h cu rva tu re c o n t i n u i t y d u e to the r o l l i n g constra in ts . We f i rs t des ign the 
l inear a n d s teer ing veloc i t ies fo r d r i v i n g the robo t to the des i red l ine t h r o u g h c o n t r o l l i n g the 
p a t h curva tu re . Because of the absence of a special s teer ing m e c h a n i s m such as a s teer ing 
f r on t whee l , the robo t steers o n l y b y lean ing i tsel f to a p r e d e f i n e d angle. The controUer ap-
p l ies the l inear state feedback to stabi l ize the robo t to the p r e d e f i n e d lean angle such that 
resu l t i ng s teer ing ve loc i t y o f the robo t converges to the des i red s teer ing ve loc i ty . Th is l ine 
f o U o w i n g cont ro l le r avo ids d i rec t l y so l v i ng the comp l i ca ted m o d e l o f the robo t w h i c h is 
subject to t w o n o n h o l o n o m i c constraints. Fu r the rmore , the concept o f th is cont ro l le r can 
also be ex tended to t rack any des i red circle trajectory. 
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Trad i t iona l ly , peop le consider mob i l e robots as quasi-stat ic devices. N u m e r o u s robots w i t h 
four , six or mo re whee ls have been deve loped to m a x i m i z e m o b i l i t y o n va r i ous ter ra in . 
(See, for example , [3] [10] [14] [19] [20].) L i kew ise , legged robots w h i c h m a y have po ten-
t ia l l y greater m o b i l i t y i n a r o u g h ter ra in , have been b u i l t a n d demons t ra ted , such as [23], 
[42]. Genera l l y these robots have fea tured l o w center-of-mass p lacement a n d b r o a d base of 
s u p p o r t such that they are stable statical ly, a n d can to lerate large s lope w i t h o u t r o l l i n g over. 
H o w e v e r , w h e n the vehic les pass over b u m p s , they w i l l easi ly roU over w h e n m o v i n g i n a 
re la t ive ly h i g h speed. D y n a m i c d is turbances at the whee ls generate large torques, t e n d i n g 
to upset the vehic le about the ro l l , p i t c h a n d y a w axes. Th is d y n a m i c effects ga in a re lat ive 
impor tance w h e n the speed is h i gh , g rav i t y is w e a k and d y n a m i c d is turbances (e. g. r o u g h 
terra in) are great. 
O n the other hand , consider a bicycle or a motorcyc le w h i c h has t w o whee ls i n the fore-
aft ( tandem) con f igura t ion . Such a vehic le is stat ical ly unstable i n the ro l l d i rec t ion , b u t 
achieves d y n a m i c s tab i l i ty at modera te speed t h r o u g h appropr ia te s teer ing geomet ry and 
gyroscopic act ion of the steer ing f ron t whee l . Steer ing s tab i l i ty genera l ly increases w i t h 
speed due to gyroscopic effects. D y n a m i c forces at the w h e e l - g r o u n d contact p o i n t act o n or 
near the vehic le center (sagital) p lane, and thus p roduce m i n i m a l ro l l d isturbances. A d d i -
t ional ly, the bicycles have larger maneuverab i l i t y than the quast i-stat ic devices. 
l n order to reta in dynamic and static stabi l i t ies, w e des igned a single whee l , gyroscop-
ical ly stabi l ized robot (called Gyrover ) as s h o w n in F igure 1.1. Essential ly, Gy rove r is a 
sharp-edged whee l , w i t h an actuat ion mechan ism f i t ted ins ide the whee l . The actuat ion 
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F igure 1.1: The f i rs t p r o t o t y p e of G y r o v e r F igure 1.2: The basic c o n f i g u r a t i o n of G y -
rover 
mechan i sm consists of three separate actuators: (1) s p i n mo to r , w h i c h sp ins a suspended 
flywheel at a h i g h rate, i m p a r t i n g d y n a m i c s tab i l i t y to the robo t ; (2) t i l t mo to r , w h i c h con-
tro ls the s teer ing of Gy rove r ; a n d (3) d r i v e mo to r , w h i c h causes f o r w a r d a n d / o r b a c k w a r d 
accelerat ion, b y d r i v i n g the s ingle w h e e l direct ly. 
The behav io r of Gy rove r is based o n the p r i nc ip l e of gyroscop ic precession as exh ib i ted 
i n the s tab i l i ty of a r o l l i n g whee l . Because of i ts angu lar m o m e n t u m , a s p i n n i n g w h e e l tends 
to precess at r i g h t angles to an app l i ed torque, accord ing to the f u n d a m e n t a l equa t ion of 
gyroscopic precession: 
T = J X 0； X n (1.1) 
whe re u is the angu lar speed of the whee l , Q is the whee l ' s precession rate, n o r m a l to the 
sp in axis, J is the w h e e l po la r m o m e n t of iner t ia about the sp i n axis, a n d T is the app l i ed 
torque, n o r m a l to the sp i n and precession axes. Therefore, w h e n a r o l l i n g w h e e l leans to 
one side, rather t han jus t fa l l over, the g rav i ta t iona l l y i n d u c e d to rque causes the w h e e l to 
precess so that i t t u m s i n the d i rec t ion that i t is leaning. Gy rove r supp lements th is basic 
concept w i t h the a d d i t i o n of an in te rna l gyroscope 一 the s p i n n i n g flywheel — n o m i n a l l y 
a l igned w i t h the w h e e l a n d sp inn ing i n the d i rec t ion of f o r w a r d m o t i o n . The flywheel's 
angular m o m e n t u m produces lateral stabiHty w h e n the w h e e l is s topped or m o v i n g s lowly . 
The schematic of the mechanical des ign is s h o w n i n F igure 1.2. 
O w i n g to the gyroscopic effect of the sp inn ing f l ywhee l , the static s tab i l i ty of the robot 
1.1 Motivation 3 
is i m p r o v e d . D y n a m i c d is turbances d u e to surface i r regu la r i t i es act t h r o u g h or near the 
whee l ' s center o f mass, p r o d u c i n g m i n i m a l torques i n ro l l , p i t c h a n d yaw . F u r t h e r m o r e , the 
angu la r m o m e n t u m of the whee l , i n a d d i t i o n to p r o v i d i n g the n a t u r a l gy roscop ic s teer ing 
mechan ism, tends to stabi l ize the w h e e l w i t h respect to r o l l a n d yaw . Jn te rms o f a t t i t ude 
cont ro l , the robo t is re la t i ve ly insens i t ive to f o r e / a f t a n d s ide slopes. The resu l t is a h i g h l y 
stable r o l l i n g m o t i o n w i t h m i n i m a l a t t i t ude d is turbances a n d to lerance to f o r e / af t a n d ver -
t ica l d is turbances. h \ a d d i t i o n to those c i ted above, G y r o v e r has a n u m b e r o f po ten t i a l 
advantages over m u l t i - w h e e l e d vehicles: 
1. The ent i re sys tem can be enclosed w i t h i n the w h e e l to p r o v i d e mechan ica l a n d env i -
r o n m e n t a l p ro tec t i on fo r e q u i p m e n t a n d mechanisms. 
2. G y r o v e r is resistant to ge t t i ng s tuck o n obstacles because i t has n o b o d y to h a n g u p , 
no exposed appendages, a n d the ent i re exposed surface is live (d r i ven) . 
3. The t i l tab le f l y w h e e l can be used to r i g h t the veh ic le f r o m i ts s tat ica l ly stable, rest 
pos i t i on (on i ts side). The w h e e l has n o "backs ide " o n w h i c h to get s tuck. 
4. Gy rove r can t u m i n place b y s i m p l y lean ing a n d precessing i n the des i red d i rec t ion , 
w i t h n o special s teer ing mechan ism, enhanc ing maneuverab i l i t y . 
5. S ing le-po in t contact w i t h the g r o u n d e l iminates the need to accommodate u n e v e n sur-
faces a n d s impl i f ies contro l . 
6. F u l l d r i v e t rac t ion is avai lable because a l l the w e i g h t is o n the s ing le d r i v e whee l . 
7. A large pneumat i c t i re m a y have v e r y l o w ground-con tac t pressure, resu l t i ng i n m i n -
i m a l d is turbance to the surface and m i n i m u m roUing resistance. The t i re m a y be sui t -
able fo r t rave l i ng o n soft soils, sand, s n o w or ice; r i d i n g over b r u s h or o ther vegetat ion; 
or, w i t h adequate buoyancy, fo r t rave l ing o n water . 
Potent ia l appl icat ions fo r Gy rove r are numerous . Because i t can t rave l o n b o t h l and 
and water , i t m a y f i n d amph ib ious use o n beaches or s w a m p y areas, fo r genera l t ranspor ta-
t ion , exp lora t ion , rescue or recreation. Simi lar ly , w i t h appropr ia te t read, i t s h o u l d t rave l w e l l 
over soft snow w i t h g o o d t rac t ion and m i n i m a l roUing resistance. A s a survei l lance robot , 
Gyrover cou ld use its sHm pro f i le to pass t h r o u g h d o o r w a y s a n d n a r r o w passages, a n d its 
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ab i l i t y to t u m i n place to m a n e u v e r i n t i g h t quar ters. A n o t h e r p o t e n t i a l app l i ca t i on is as a 
h igh -speed l u n a r vehic le , w h e r e the absence of ae rodynamic d is tu rbances a n d l o w g r a v i t y 
w o u l d p e r m i t ef f ic ient , h igh -speed mob i l i t y . 
The robo t of fers t r emendous po ten t i a l app l ica t ions. A t the same t ime , the robo t concept 
also b r i ngs a n u m b e r of cha l l eng ing p rob lems i n m o d e l i n g a n d con t ro l d u e to the f o l l o w i n g 
characterist ics: 
1. D y n a m i c coup l i ng : I t is a h i g h l y c o u p l e d d y n a m i c sys tem b e t w e e n the w h e e l a n d the 
flywheel because the flywheel is m o u n t e d o n the r o l l i n g w h e e l t h r o u g h a t w o - l i n k 
man ipu la to r . L i fact, there is n o actuator d i rec t l y c o n t r o l l i n g the r o l l ang le o f the robot , 
w h i l e the f l y w h e e l can be t i l t ed to d i f fe ren t o r ien ta t ions b y a t i l t mo to r . Thus , i t is 
unde rac tua ted i n the r o l l d i rec t ion. Th is is s im i la r to the case w h e n a m a n i p u l a t o r 
is m o u n t e d o n a satel l i te t h r o u g h d y n a m i c a l c o u p l i n g to i ts f ree- f loa t ing base [45]. 
Be rge rman [4] s h o w e d that DOFs of an unde rac tua ted sys tem are usuaUy coup led 
b y such d y n a m i c forces. A l t h o u g h the d y n a m i c c o u p l i n g compl ica tes the system, i t 
a l l ows us to con t ro l the r o l l angle of the robo t i nd i rec t l y b y t i l t i n g the flywheel. 
2. N o n h o l o n o m i c constraints: The s ingle w h e e l robo t is subject to t w o n o n h o l o n o m i c 
constraints: the f i rs t o rder a n d the second order n o n h o l o n o m i c constra ints. The f i rs t 
o rder one arise i n the robo t r o l l i n g o n the p lane w i t h o u t sUpping. There are n u m e r o u s 
examples fo r the con t ro l of a car or an un icyc le (one w h e e l system) w i t h the r o l l i n g 
constra ints such as [25] a n d [6], they assumed that the whee ls are cons t ra ined to the 
ver t ica l pos i t ion . H o w e v e r , ou r robo t is n o t const ra ined to the ver t i ca l p o s i t i o n a n d i t 
can have d i f fe rent lean angles. O n the other hand , the second order constra ints arise 
i n the absence of a d i rect actuator i n the r o l l d i rect ion. There are m a n y examples fo r 
the underac tua ted systems [1], [28], [40],[24], a n d [31 ] . 
3. Unstab le i n the lateral d i rect ion: The robot is s im i la r to a s ingle t rack vehic le such as 
a b icyc le or an un icyc le i n that i t is i nheren t l y unstable i n the la tera l d i rec t ion because 
there is n o d i rect ac tuat ion fo r ba lanc ing the vehicle. H o w e v e r , i ts lateral s tab i l i ty 
can be ma in ta ined d u r i n g ro l l i ng because the gyroscopic to rque, resu l t i ng f r o m the 
coup l i ng m o t i o n be tween the y a w and ro l l mot ions , balances the vehic le. General ly, 
change i n the y a w angle (precession rate) is fo r the s tab i l i ty con t ro l of the roU angle. 
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Fur the rmore , i f w e choose the y a w rate as the o u t p u t o f the sys tem, the sys tem w i l l 
exh ib i t n o n - m i n i m u m phase behav iour . 
h i th is thesis, the goa l is to s t u d y these f u n d a m e n t a l character ist ics i n o rde r to deve lop a d y -
namic m o d e l a n d con t ro l m e t h o d s fo r the robot . We f o r m u l a t e the k inemat i cs a n d dynamics 
of the robo t a n d s t u d y i ts d y n a m i c p roper t ies i n c l u d i n g the s tab i l i za t ion a n d the t i l t i n g effect 
of the f l y w h e e l to the robot . We l inear ize the deve loped m o d e l t o s t u d y the con t ro l l ab i l i t y 
a n d n o n - m i n i m u n phase character ist ic, i n o rder to deve lop a l inear state feedback fo r stabi-
l i z i n g the robo t to the des i red lean angle. We s t u d y the l ine f o l l o w i n g m e t h o d to d r i v e the 
robo t to a des i red l ine w i t h o u t fa l l ing. 
1.2 Previous work 
Since the s ingle w h e e l robo t is a n o v e l concept, the m o d e l of the robo t a n d the analysis of the 
sys tem dynamics have n o t been s tud ied i n the past. The t w o m a i n componen ts of the robo t 
are the sharp-edged w h e e l a n d the h i g h speed s p i n n i n g flywheel. The idea of modeHng 
th is robo t is based o n the m o d e l of an un icyc le a n d a spacecraft e q u i p e d w i t h a m o m e n -
t u m w h e e l ( s p i n n i n g flywheel). B o t h Schoonw inke l [36] a n d Vos [41] b u i l t an au tonomous 
un icyc le i n w h i c h they m o d e l e d the human - r i d i ng -un i cyc l e sys tem as a three-bodies sys-
tem, i.e., a whee l , a f rame a n d a ro ta ry tu rn tab le . Schoonw inke l used the Lagrange m e t h o d 
to f o rmu la te the l inear m o d e l w h i l e Vos used the Kane's f o rma l i sm. Jn the i r l inear mode l , 
b o t h of t h e m separated the lateral a n d l o n g i t u d i n a l dynamics b y pe r t u rba ted the y a w rate 
to specif ic quant i t ies. N a k a j i m a et al. [26] des igned an un icyc le w h i c h is s im i la r to a r u g b y 
ba l l whe re there is a ro ta ry actuator be tween the u p p e r a n d l o w e r body. They also t reated 
the l o n g i t u d i n a l dynamics separat ly f r o m the lateral dynamics . T h e y m o d e l e d the l ong i tu -
d ina l a n d lateral dynamics as a w h e e l inverse p e n d u l u m a n d a doub le inverse p e n d e n l u m 
respectively. Jn the i r mode l , they have no t cons idered the r o l l i n g constra ints a n d the y a w 
dynamics . Beznos et al. [5] s tud ied gyroscopica l ly s tabi l ized b icyc le cons is t ing of t w o cou-
p l e d gyroscopes sp i nn i ng i n the opposi te direct ions. They presented a l inear m o d e l of the 
bicycle w i t h the coup led gyroscopes. Howeve r , the y a w dynamics of the b icycle have no t 
been considered a n d the steer ing angle was decoup led f r o m the dynamics . I t is because 
^ 
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the s teer ing f r o n t w h e e l can be con t ro l l ed di rect ly . For the spacecraft w i t h the m o m e n t u m 
whee l , B o n g [43] cons idered the m o m e n t u m w h e e l as an ex te rna l t o rque genera tor fo r the 
spacecraft. T h e y f i rs t d e r i v e d the equat ions of m o t i o n o f the spacecraft a n d m o m e m t u m 
w h e e l i ndependen t l y , t h e n cons idered the dynam ics o f the m o m e m t u m w h e e l as the to rque 
for the dynam ics o f the spacecraft. 
For the s tab i l i za t ion of the s ingle w h e e l robot , i t is use fu l to u n d e r s t a n d the s tab i l i za t ion 
of an un icyc le or a b icycle. S c h o o n w i n k e l [36] used the L Q G m e t h o d to stabi l ize the robo t to 
the ve r t i ca l pos i t i on . Based o n Schoonwinke l ' s m o d e l , Vos a n d F l o t o w [41] p r o p o s e d a n e w 
L Q G st ruc ture fo r the s tab i l i za t ion of the robo t a n d deal t w i t h the non l i nea r p r o b l e m of d r y 
f r i c t i on b e t w e e n the w h e e l a n d f loo r i n the y a w d i rec t ion. N a k a j i m a et al. [26] p r o p o s e d t w o 
d i f fe ren t l inear state feedbacks fo r s tab i l i z ing the i r robot 's l o n g i t u d i n a l a n d la tera l mo t ions . 
H o w e v e r , i n the i r la tera l feedback contro l ler , i t is i n d e p e n d e n t o f the y a w m o t i o n . Beznos et 
al. [5] also p roposed a Hnear con t ro l l a w for s tab i l i z ing the la tera l p o s i t i o n o f the bicycle. Th is 
con t ro l l a w is o n l y d e p e n d o n the lean angle of the i r robo t , the precession a n d precession 
rate of the coup led gyroscopes. I t is i ndependen t of the y a w rate of the b icyc le because they 
decoup led the s teer ing var iab le a n d y a w angle f r o m the dynam ics w h i l e the r o l l dynamics 
of the robo t a n d f l y w h e e l dynamics were s t i l l accelerat ion coup l i ng . M o s t researches o n the 
s tab i l i za t ion of the b icyc le a n d un icyc le used the l inear con t ro l me thods . H o w e v e r , fo r sta-
b i l i za t i on of the underac tua ted man ipu la to r , non l inear con t ro l m e t h o d s are adopted . A r a i 
a n d Tachi [1] were the f i rs t to propose a 2-phase m e t h o d to con t ro l a l l jo in ts of the underac-
tua ted m a n i p u l a t o r to an e q u i l i b r i u m pos i t ion . Hauser a n d M u r r a y [13] p r o p o s e d a m e t h o d 
to con t ro l the Ac robo t i n the ne ighbo rhood of the m a n i f o l d of the i n v e r t e d e q u i l i b r i u m po-
sit ions. Papadopou los a n d D u b o w s k y [29] p roposed to con t ro l the fa i led j o i n t of a space 
m a n i p u l a t o r to an e q u i l i b r i u m p o i n t w h i l e guarantee ing that the act ive jo in ts a n d the base 
w o u l d come to a rest at the e n d of the mo t i on . H o w e v e r , the underac tua ted man ipu la to rs 
are accelerat ion c o u p l i n g due to the existence of the o f f -d iagona l te rms i n the ine r t ia l ma t r i x 
be tween act ive a n d passive jo ints , w h i l e there is no accelerat ion c o u p l i n g be tween the y a w 
and ro l l dynamics of the unicycle. Therefore, the con t ro l me thods fo r the underac tua ted 
man ipu la to rs are no t sui table to the un icyc le a l t hough its roU d i rec t ion is underactuated. 
F r o m m y know ledge , n o pubHcat ion has been seen i n the p a t h f o l l o w i n g / t r a j e c t o r y 
t rack ing of an au tonomous unicyc le robot . A large n u m b e r of researchers have p roposed 
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m e t h o d s to the p a t h f o l l o w i n g / t r a j e c t o r y t r ack i ng o f the m o b i l e robo t w i t h n o n h o l o n o m i c 
constra ints [6], [38], [18], [34], [9], [33] a n d [39]. These resul ts, h o w e v e r , cannot be d i rec t l y 
ex tended to the p a t h f o l l o w i n g of the s ingle w h e e l robo t because the n o n h o l o n o m i c con-
stra ints of the o r d i n a r y m o b i l e robo t assumed tha t the w h e e l is cons t ra ined to the ver t i ca l 
p o s i t i o n w h i l e the constra ints o f the s ingle w h e e l robo t a l l o w the w h e e l to pe r tu rba te f r o m 
the ve r t i ca l pos i t i on . R u i [30] p r o p o s e d a cont ro l le r fo r asymp to t i ca l l y p a t h t r ack i ng o f a 
ro lHng d i sk w h i c h is a l l o w e d to pe r tu rba te f r o m the ver t i ca l pos i t i on . H o w e v e r , he assumed 
that a to rque d i rec t l y acted o n the r o l l d i rec t i on of the d i sk fo r ba lanc ing . Getz [11], [12] 
p roposed a (dynamic invers ion)cont ro l le r fo r a p p r o x i m a t e l y t r a c k i n g a p a t h w h i l e balanc-
i n g the bicycle. I n the contro l ler , he const ruc ted a d y n a m i c a l sys tem w h i c h is d e p e n d o n the 
er ror b e t w e e n the reference a n d real t ra jectory of the robo t a n d the e q u i H b r i u m equa t i on of 
the lean angle. The e q u i l i b r i u m p o i n t of the d y n a m i c a l sys tem is t i m e v a r y i n g , d e p e n d i n g 
o n the des i red p a t h i n the p lane. I n o rder to app rox ima te l l y t rack the des i red p a t h w i t h bal -
ance, the b icyc le is s tab i l ized to the lean angle w h i c h is equa l to the e q u i l i b r i u m p o i n t o f the 
d y n a m i c a l system, u s i n g h is control ler . H o w e v e r , th is cont ro l le r is n o t su i tab le fo r the real 
t ime con t ro l because i t is t ime c o n s u m i n g i n ca lcu la t ing the va lue of the e q u i l i b r i u m p o i n t 
numer ica l ly . 
1.3 Thesis overview 
I n th is thesis w e discuss the cha l leng ing p rob lems re lated to the m o d e l i n g , s tab i l i za t ion a n d 
p a t h f o l l o w i n g of the single w h e e l robo t w h i c h is n o n h o l o n o m i c , underac tua ted a n d non-
m i n i m u m phase. The thesis is o rgan ized as fo l l ows : 
• Chapter 2: Dynamics of the Single Wheel Robot. We derive the kinematics and dy-
namics of the robot . h \ de r i va t i on of the mode l , w e consider the robo t as a comb ina t i on 
of three components : a w h e e l ( r o l l i ng d isk ), an in te rna l mechan i sm a n d a f l ywhee l . 
We f i rs t s t u d y the k inemat ics and dynamics of the ro lHng d isk . Based o n the m o d e l 
of the r o l l i ng d isk , w e deve lop the dynamics of the robo t a n d s t u d y i ts dynam ic p rop -
erties, i n c l u d i n g the stabiHzation a n d the t i l t i ng effect of the flywheel to the robot . 
P re l im ina ry exper imenta l results are s h o w n for va r i f i ng the deve loped mode l . 
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• Chapter 3: Stabilization of the Single Wheel Robot. We first linearize the system 
a r o u n d the ve r t i ca l pos i t i on . We invest igate the con t ro l l ab i l i t y a n d n o n - m i n i m u m 
phase character ist ic of the l i near i zed system. Because o f la tera l i ns tab i l i t y o f the robo t , 
w e p ropose a l inear state feedback cont ro l le r fo r s tab i l i z ing the robo t to any des i red 
lean angles w h e n the robo t is r o l l i n g w i t h constant ve loc i ty . O w i n g to the absence o f 
special s teer ing m e c h a n i s m such as a s teer ing f r o n t w h e e l , the robo t steers o n l y b y 
lean ing i tsel f to the p rede f i ned angle. Hence, w e cannot con t ro l the y a w a n d lean an-
gle i ndependen t l y . S h o u l d w e ignore the r o l l angle i n c o n t r o l l i n g the s teer ing ve loc i ty , 
i t w i U fal l . O n the o ther h a n d , w h e n the robo t achieves the e q u i l i b r i u m state, i n w h i c h 
the accelerat ions i n yaw , p i t c h a n d r o l l d i rec t ions are equa l to zero, the e q u i l i b r i u m 
steer ing rate o f the robo t is co r respond ing to one a n d o n l y one lean angle, i.e., i f the 
lean angle change, the s teer ing rate w i l l also change. F ina l ly , w e p ropose an a l g o r i t h m 
for t r ack ing the reference s teer ing ve loc i t y b y s tab i l i z ing the robo t to an e q u i l i b r i u m 
lean angle w h i c h cor responds to tha t s teer ing veloci ty . 
• Chapter 4: Path Following of the Single Wheel Robot. We redefine the configuration 
of the robo t i n te rms of the p a t h curvature . We des ign a l ine f o l l o w i n g cont ro l le r to 
t rack the Y-axis of the iner t ia f rame a n d t hen ex tend the cont ro l le r to t rack any de-
s i red l ine. We d i v i d e the l ine f o l l o w i n g cont ro l le r i n to t w o pa r t s : ( l ) ve loc i t y i npu t s are 
des igned for the k inemat ic m o d e l to make the p o s i t i o n a n d o r i en ta t i on er ror asymto t -
ica l ly stable. Th is is cal led ve loc i ty con t ro l law. (2) to rque con t ro l l a w is des igned such 
that the l inear a n d steer ing veloci t ies of the robo t converge to the des i red veloci t ies 
ob ta ined f r o m the ve loc i ty con t ro l law. For the f i rs t pa r t , w e cons ider the der iva t i ve 
of the p a t h curva tu re as the con t ro l law. I t is expressed as a l inear comb ina t i on of 
the pos i t i on error, the o r ien ta t ion error a n d the p a t h curva ture . We demonst ra te the 
asympto t ic s tab i l i ty of the con t ro l law. U s i n g th is con t ro l law, the s m o o t h ve loc i ty 
con t ro l i npu ts ( l inear a n d steer ing veloci t ies) are de te rm ined w h i l e the curva tu re con-
t i n u i t y can be ensured. For the second par t , w e desire to conver t the s m o o t h ve loc i ty 
con t ro l i npu ts i n to a to rque cont ro l fo r the robot . Based o n the l inear state feedback 
deve loped i n Chapter 3, w e compu te the t i l t to rque of the f l y w h e e l fo r s tab i l i z ing the 
robot to the lean angle w h i c h is co r respond ing to the des i red steer ing veloci ty. Fi-
1.3 Thesis overview 9 
nal ly , w e invest igate the effects of the i n i t i a l h e a d i n g angle, the r o l l i n g speed a n d the 
cont ro l le r gains to the l ine f o l l o w i n g contro l ler . 
• Chap te r 5: C o n c l u s i o n The con t r i bu t i ons o f the thesis are s u m m a r i z e d a n d a n u m b e r 
of ideas a n d p rob lems fo r f u t u re w o r k are suggested. 
J 
Chapter 2 
Dynamics of the Single Wheel Robot 
I n th is chapter, w e f i rs t de r i ve the k inemat ics a n d dynam ics of a d i sk w h i c h ro l ls w i t h o u t 
s l i pp ing , a n d t hen s t u d y i ts d y n a m i c characterist ics, such as the s teady precess ion a n d the 
stable r o l l i n g cond i t i on . Based o n the m o d e l of the r o l l i n g d i sk , w e deve lop the m o d e l of 
the s ingle w h e e l robo t w h i c h is cons idered as a c o m b i n a t i o n o f three componen ts : a w h e e l 
( ro l l i ng d isk) , an i n te rna l mechan i sm a n d a f l ywhee l . T h e y are connected b y a t w o - H n k 
man ipu la to r . We t hen s i m p l i f y the m o d e l b y d e c o u p l i n g the t i l t angle o f the f l y w h e e l f r o m 
the dynamics . F inal ly , w e invest igate the d y n a m i c p roper t ies o f the s ingle w h e e l robot , sush 
as the s tab i l i za t ion of the flywheel v i a s i m u l a t i o n a n d expe r imen t s tudy. 
2.1 Dynamic model of a rolling disk 
The k inemat ics a n d dynamics of the s ingle w h e e l robo t are d i f fe ren t f r o m those of a un icyc le 
(s ing le r o l l i ng d i s k ) deve loped i n [6]. The di f ference lies i n the a s s u m p t i o n that the un icyc le 
a lways remains v e r t i c a l O n the contrary, the single w h e e l robo t can be cons idered as a 
r o l l i ng d i sk w h i c h is no t const ra ined to the ver t ica l pos i t i on a n d is connected to a h i g h speed 
sp i nn i ng flywheel t h r o u g h a t w o l i n k man ipu la to r . Therefore, i t is i m p o r t a n t to m o d e l and 
s tudy the dynamics of a general r o l l i ng d isk system w h i c h is p e r t u r b e d f r o m the ver t ica l 
pos i t ion. This m o d e l can serve w e l l as a basis fo r the s t u d y of a m o d e l of the single whee l 
robot . To th is end, w e f i rs t der ive the k inemat ic constraints of the d isk a n d then der ive the 
equat ions of mo t i on . 
Cons ider a d isk ro l l i ng w i t h o u t s l i pp ing o n a ho r i zon ta l p lane as s h o w n i n F igure 2.1. 
Let S o { X , y , Z j and I ^ B { x B , y B , ^ 5 } be the iner t ia l f rame whose x -y p lane is anchored to the 
flat surface and the b o d y coord inate f rame whose o r i g i n is located at a center of the roUing 
d isk , respectively. Let (X。Yc, Zc) be the Cartesian coordinates of the center of mass (C) w i t h 
10 
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z 
Z \ y ^ 
僅 / ^ ' 
- , ^ ^ - X . 
• 
又3 
F igu re 2.1: D e f i n i t i o n of coord ina te f rames a n d s y s t e m var iab les o f a r oU ing d i s k 
respect to the i n e r t i a l f r a m e Eo- Le t P denotes the p o i n t o f the contac t o n the d i s k a n d A 
denotes the p o i n t o f contact o n the p lane. The c o n f i g u r a t i o n o f the d i s k can be descr ibed 
b y six generaHzed coord ina tes (Xc, Fc, ^ , Q^ 0 , 7 ) , w h e r e a is the s tee r ing (precession) ang le 
measu red f r o m the X - a x i s to the contact Hne L A , 0 e (0,7r) is the lean (nu ta t i on ) angle 
measu red f r o m the Z -ax l s to the ZB, a n d 7 is the roU ing angle. 
2.1.1 Kinematic constraints 
We def ine { i , j , k) a n d (f, m , h) be the u n i t vectors o f the coord ina te sys tem XYZO{T,o) a n d 
^ByBZBC{T .B) , respect ive ly . L e t 5 ^ ：= sin(a;) a n d 0工 :=cos (a ; ) . The t r a n s f o r m a t i o n b e t w e e n 
these t w o coo rd ina te f rames is g i ven b y 
- ， r ， 
A 八 
i 1 
J = R% m (2.1) 
k h _ 」 L 墨 
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w h e r e R ^ is the r o ta t i on m a t r i x f r o m E o to E ^ . 
— SaCp —Ca —SaSp 
R% = CaCp - S a CaSp (2.2) 
_ -Sp 0 C/3 _ 
Let Vc a n d LOs denote the ve loc i t y o f the center of mass o f the d i sk a n d the angu la r ve loc i t y 
of the d i sk w i t h respect to the iner t ia f rame Eo- Then, w e have 
UJB = -aSpi + / 5 m + ( 7 + aCp)h ( 2 . 3 ) 
The constra ints requ i re tha t the d i sk ro l ls w i t h o u t s l i p p i n g o n the h o r i z o n t a l p lane, i.e, the 
ve loc i t y of the contact p o i n t o n the d i sk Vp is zero at any ins tant 
vp = 0, (2.4) 
N o w , w e can express Vc as 
Vc = UB X Tcp + Vp (2.5) 
whe re Vcp = —Rl represent ing the vector f r o m the p o i n t P to C i n F igure 2.1. Subs t i t u t i ng 
Eqs. (2.3) a n d (2.4) i n Eq. (2.5) g ives 
”C = x j + YcJ + Zck, (2.6) 
where 
^ C = R [ i C a + aCaC^ — pSo,Sp) ( 2 . 7 ) 
Yc - R{iSa + aC|iSa + pCaSp) (2.8) 
之 = _ C p (2.9) 
Eqs. (2.7) a n d (2.8) are nordntegrable and hence are n o n h o l o n o m i c , w h i l e Eq. (2.9) is inte-
grable, i.e, 
^c = RSp. (2.10) 
Therefore, the roUing d isk system can be represented b y f ive (e.g. X^ , Y^ a , j3,7), ins tead of 
six, i ndependen t variables. 
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2.1.2 Equations of motion 
I n th i s sect ion, w e f i r s t f o r m u l a t e the L a g r a n g i a n L = T — P o f t he d i s k , w h e r e T a n d P 
are the k i ne t i c ene rgy a n d p o t e n t i a l ene rgy o f t he d i s k respect ive ly . W e d e r i v e t he equa t i ons 
o f m o t i o n u s i n g the cons t r a i ned L a g r a n g i a n m e t h o d , a n d t h e n e l i m i n a t e the c o n s t r a i n e d 
gene ra l i zed coord ina tes ( X。Yc ) f r o m the equa t ions o f m o t i o n . 
The k i ne t i c e n e r g y o f the d i s k is g i v e n by, 
T^v = \m^ [Xl + i;2 + zi 
1 r 1 
丄 2 2 2 
+ 2 ^xxw^x + IyywWy + hzw^z (2.11) 
w h e r e Ixxw, Iyyw, Izzw are the m o m e n t o f i ne r t i a o f the d i s k a b o u t x^ y, z axes respect ive ly , 
a n d 77½ is the mass o f the d i sk . S u b s t i t u t i n g Eqs. (2.3) a n d (2.10) i n Eq. (2.11) y i e l d s 
Tn. = \m^ [xl + y,2 + {RpC^f] + 全 [ h , ^ { a S p f 
+ IyywP^ + h z w { a C ^ + 今)2] (2.12) 
The p o t e n t i a l ene rgy o f the d i s k is 
Pw - m ^ g R S p (2.13) 
T h u s the L a g r a n g i a n fo r the r o l l i n g d i s k is 
Lw = lm^ [xl + Y^ + WC^f] + 臺[/_(6;5>)2 
+ lyyw，+ hzw{diCp + 今)2] — m^gRSp (2.14) 
U s i n g the cons t ra ined L a g r a n g i a n m e t h o d , 
d dL dL ^ � � . h . , 
J t W ^ - ^ = g 、 A s j , 3 e { l , 2 , . . . , m - n } (2.15) 
w h e r e q j is the j t h genera l i zed coord inates a n d 入五 is the s ^ l a g r a n g i a n m u l t i p l i e r . The equa-
t ions o f m o t i o n o f the r o l l i n g d i s k w i t h o u t ac tua t i on is 
M{q)q + N{q,q)=A^X (2.16) 
w h e r e M(q) e ^ 5 x 5 ^ n d N{q, q) e 7^5xl are the ine r t ia m a t r i x a n d n o n l i n e a r t e r m respec-
t ive ly . 
2.1 Dynamic model of a rolling disk 14 
“ 、 1 0 -RCaCj3 RSaSp -RCa 
A{( l ) = (2.17) 
0 1 —RCpSa —RCctSp —RSa 
r 1� r 1� 
q = X c , Yc, OL, /5, 7 , A = A i , 入 2 
T h e n o n h o l o n o m i c cons t ra in ts can be w r i t t e n as, 
A[q)q = 0. (2.18) 
N o w , w e w i l l e l i m i n a t e the L a g r a n g e m u l t i p l i e r s so t ha t a m i n i m u m set o f d i f f e r e n t i a l equa-
t i ons is ob ta ined [6 ] . W e f i r s t p a r t i t i o n the m a t r i x A{q) i n t o Ai a n d A2 w h e r e A = [Ai |A2 
, � 1 0 1 � r -RCaC0 RSaSf3 -RCa ‘ 
Ai = ,A2 二 
_ 0 1 J L -RCpSa -RCaS0 -RSa _ 
L e t 
-^r% 
C{q) = 1 (2.19) 
hx3 
T h e n cons ider the f o l l o w i n g re la t i onsh ip 
q = C{q)q2 (2.20) 
w h e r e qi = [Xc, Ycf a n d q2 = [a, /3, j f . D i f f e r e n t i a t i n g Eq. (2.20) y i e l d s 
q = C{q)q2 + C{q)q2 (2.21) 
S u b s t i t u t i n g Eq. (2.21) i n t o Eq. (2.16) a n d p r e m u l t i p l y i n g b o t h s ides b y C^{q) g ives 
C^(q)M{q)C{q)q2 
= C ^ { q ) [ -AT(g , C{q)h) — M{q)C{q)q2] (2.22) 
w h e r e C^{q)M{q)C(q) is a 3 x 3 s y m m e t r i c pos i t i ve de f i n i t e m a t r i x f u n c t i o n . N o t e tha t 
Eq.(2.22) depends only on (a, |3, j). B y n u m e r i c a l i n teg ra t i on , w e can o b t a i n q2 a n d q2 f r o m 
Q2 i n Eq. (2.22), a n d t h e n ob ta i n (Xc, Yc) b y s u b s t i t u t i n g q2 a n d q2 i n Eq. (2.20). The r e s u l t i n g 
equat ions of m o t i o n are 
M{q)q = N(q,q) (2.23) 
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rj^ 
w h e r e q = [a, /?, 7 ] , 
M{q) = C^{q)M{q)C{q) 
Ixxw + IxxwC^ + TnE?Cp 0 ^Ixxu)Cp + m B ? C p 
= 0 Ixxw + rnR^ 0 , 
^ IxxwC^ + m B ? C ^ 0 2 1 删 + m R ^ 
N{q^q) = C^{q) [-N{q,C(q)q2)-M{q)C{q)q2 
{hxw + mR^)S2pOiP + 2Ia;xwSp|3j - fJ,s<^ 
= -gmRCp - {Ixxw + mR^)CpSpa^ - {2Ixxw + mR^)Spaj . 
—2(/工測 + mR^)SpaP - _ 
M{q) e 尺3><3 a n d N{q,q) G 7^3x1 ^re the i ne r t i a l m a t r i x a n d non l i nea r t e r m respect ively. 
Eqs. (2.7), (2.8) a n d Eq. (2.23) f o r m the n o n h o l o n o m i c ve loc i t y const ra in ts a n d the reduced 
d y n a m i c m o d e l o f the r o l l i n g r isk , respect ively. N o t e tha t i f the lean ang le j3 is set to be 0° 
or 180°, the d i sk fal ls o n the g r o u n d , i ts i ne r t i a l m a t r i x M w i l l become s ingu la r because i t 
v io la tes the a s s u m p t i o n of r o l l i n g w i t h o u t s l i pp ing . 
2.1.3 Characteristics of the rolling disk 
Steady Precession 
I t is in te res t ing tha t a l t h o u g h the r o l l i n g d i sk is pe r t u rba ted f r o m the ve r t i ca l pos i t i on , i t s t i l l 
does n o t fa l l because a gyroscopic to rque, resu l t i ng f r o m the c o u p l i n g m o t i o n b e t w e e n the 
r o l l a n d y a w mo t ions , balances the g rav i ta t i ona l to rque. The special case o f th is p h e n o m e n a 
is the steady precession, i n w h i c h the lean rate /? is equa l to zero, such tha t the center C 
(F igure 2.1) can f o l l o w a c i rcular p a t h w i t h a constant precession rate d5. He re w e der i ve the 
steady precession rate «5 of the r o l l i n g d i sk as a f u n c t i o n of the lean angle /5 a n d the rad ius 
of p a t h curvature . Le t p be the rad ius of cu rva tu re of tha t pa th , a n d let the center o f the p a t h 
be s i tuated o n Z-ax is . T h e n w e def ine the coordinates of p o i n t C as 
Xc :-—: —p sin a , Yc = p cos a 
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Because the lean angle f3 keeps constant, f r o m Eq. (2.10), Zc is also f ixed. T h e n so l v ing the 
constraints Eqs. (2.7) and (2.8) w i t h /? = 0, the resu l t ing equa t ion is 
7 = - ^ [芸 + Cp] . (2.24) 
Subs t i tu t ing Eq. (2.24) i n to Eq. (2.23) w i t h /? 二 0. (¾ and 7 become zero, and y ie lds the 
steady precession rate as 
. = I -m^gRCp — 
s _ V i^xxw + m^R^ )CpSp - (2J^w + m ^ R ^ ) S p { ^ + Cp) ( . ^ 
F igure 2.2 shows the s imu la t i on results of a ro l l i ng d isk ( m ^ = 2 kg, R = 0.15m), unde r the 
in i t i a l condi t ions: 
P = 70^,a = j = 0^, 
< /5 = 0 Tad|s, a = d5 = 1.48 rad!s, 7 = 75 = -15.5715 rad/s, 
Xc = 0,Yc = 5 i^ ,p = 5i?. 
I t shows that the d isk can f o l l o w the circle w i t h the rad ius of 5R i f the in i t i a l condi t ions 
f o l l ow the condi t ions i n Eqs. (2.24) and (2.25). Futhermore, the precession rate a and lean 
angle “ a lways keep constant. However , i f one of the in i t i a l cond i t ions does n o t f o l l o w the 
condi t ions i n Eqs. (2.24) and (2.25). The resu l t ing t ra jectory w i l l dev iate f r o m the desired 
one. I ts precession rate a and lean angle /5 is no longer f ixed. The s imu la t i on resul t is s h o w n 
i n Figure 2.3, w i t h the in i t i a l lean angle f5 and lean rate /? are equal to | and 夸 respectively, 
w h i l e the other condi t ions are consistent w i t h the prev ious s imula t ion . 
Stable rolling condition 
The ro l l i ng speed of the ro l l i ng d isk is impor tan t for the stabi l i ty of the m o t i o n w h e n exter-
na l disturbances exist. Here, w e present the m i n i m u m ro l l i ng speed for the d isk such that 
the error dynamics is stable. Assume a s l ight disturbance ( b y nonsmoo th g r i u n d surface) 
is i m p o r t e d to a ro l l i ng m o t i o n w h e n the d isk is up r i gh t , i.e., |3 = | + z, where £ is the 
smal l pe r tu rba t ion angle i n the ro l l d irect ion. Thus, the precession rate o； is no longer zero, 
a l though i t remains a smal l quant i ty. Hence, 
j3 = i, a is small. 
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F igu re 2.2: The s i m u l a t i o n resul ts o f the F igu re 2.3: The s i m u l a t i o n resul ts o f the 
r o l l i n g d i s k w i t h n o m i n a l s teady precess ion r o l l i n g d i s k w i t h i n i t i a l c o n d i t i o n s d e v i a t e d 
f r o m the n o m i n a l s teady precession. 
T h e n the equa t ions o f m o t i o n ( ro l l d y n a m i c s ) becomes � T '2 “ 
{ Ixxw + m ^ R ^ ) e + { I , , ^ + m ^ R ^ ) - f ^ - m ^ g R £ = 0 (2.26) 
!xxw - • 
N o t e tha t Eq. (2.26) become an uns tab le d y n a m i c s i f (I^zw + ^ ^ ^ ) ^ Y Z T ~ 爪“丑 < 0, so 
tha t the e w i l l d i ve rge . The m i n i m u m r o l l i n g speed fo r the r o l l i n g d i s k to have a stable 
m o t i o n is 
〜 • - / hxwm^gR _ J ^ 
、 饥 — p . U h ^ . + R ' m ^ ) ' ^ T ' (2.27) 
w h e r e 1 删 = \ l z z w = ^ m ^ B ? . F igures 2.4 a n d 2.5 s h o w the resul ts o f the r o l l i n g d i s k w i t h 
7 = 3.5 rad/s < jrnin a n d 7 = 6 rad/s > ^rnin respect ively. Jn F igu re 2.4, because the 
roU ing speed 7 is l o w e r t h a n the m i n i m u n r o l l i n g speed jrnin, the p e r t u r b e d r o l l ang le e w i l l 
d i ve rge such tha t the d i sk does n o t r o l l u p r i g h t af ter 15 sec, r esu l t i ng i n an unp red ic tab le 
trajectory. Jn F igu re 2.5, the d i s k can keep i n an u p r i g h t p o s i t i o n (/5 = f ) because the r o l l i n g 
speed 7 is greater t h a n the m i n i m u n roU ing speed j rn in , r esu l t i ng i n the convergence of the 
p e r t u r b e d r o l l angle e. 
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F igure 2.4: The s i m u l a t i o n resul ts o f the F igu re 2.5: The s i m u l a t i o n resul ts o f the 
r o l l i n g d i sk w i t h 7 = 3.5 rad/s r o l l i n g d i s k w i t h 7 = 6 rad/s 
2.2 Dynamic model of the single wheel robot 
I n d e r i v a t i o n of the d y n a m i c s of the s ing le w h e e l robo t , w e m o d e l i t as a c o m b i n a t i o n of 
three componen ts , i n c l u d i n g a whee l , an i n te rna l mechan ism^ a n d a f l y w h e e l . Var iab le 
d e f i n i t i o n o f the sys tem are s h o w n i n F igures 2.6, 2.7 a n d 2.8. 
1. W h e e l - is cons idered as a r i g i d , homogeneous d i sk w h i c h ro l ls over a pe r fec t l y flat 
surface w i t h o u t s l i pp ing , ( ro l l i ng d isk ) 
2. I n te rna l m e c h a n i s m - is cons idered as a p o i n t mass D w h i c h connects to the center o f 
the w h e e l c t h r o u g h a massless Hnk h' I t is a l l o w e d to s w i n g o n the p lane pe rpend ic -
u la r to the ro ta t i ng axis of the w h e e l t h r o u g h " . 
3. F l y w h e e l - is cons idered as a t h i n d i sk w h i c h connects to the p o i n t mass D t h r o u g h 
a massless l i n k h . I t can be t i l t ed about the yc-axis t h r o u g h l2 a n d s p i n n e d about the 
2^a_axis. 
^The equipment inside the wheel except the flywheel 
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2.2.1 Coordinate frames and generalized coordinates 
The f r a m e d e f i n e d i n Sect ion 2.1 a n d the gene ra l i zed coord ina tes (J^c, ^c, Q；，A 7) are neces-
sary to descr ibe the c o n f i g u r a t i o n o f the w h e e l . 
W^  
Z ^ C 、 
^~~~^^) VB 
x ^ “ ^ h~^y^ 
/ \ "N^ / Z Xdirection 雜 
XB 
F igu re 2.6: D e f i n i t i o n o f coord ina te f rames a n d sys tem var iab les o f the r o b o t m o d e l 
The s ing le w h e e l r obo t has m o r e degrees o f f r e e d o m t h a n a r o l H n g d i sk , o w i n g to the 
s w i n g i n g m o t i o n o f the Hnk h a n d the t i l t i n g m o t i o n o f the f l y w h e e l . Jn a d d i t i o n to the t w o 
f r ame w e d e f i n e d (1) the i ne r t i a l f r ame a n d (2) the b o d y f rame , w e d e f i n e d t w o m o r e f rames: 
(3) the coord ina te f r ame of i n te rna l m e c h a n i s m E o { xc , yc ,Zc } , w h o s e center is loca ted at 
p o i n t D a n d w h o s e z-axis is a lways pa ra l l e l to ZB, a n d (4) the f l y w h e e l coord ina tes f r ame 
^E {xa, Va, Za} w h i c h loca ted i n the center of the flywheel, a n d i ts 之-axis represents the axis 
_ of r o t a t i o n of the f l y w h e e l . L i n k k is ro ta ted abou t the 2:5-axis b y a s w i n g angle, 9. The s w i n g 
angle is zero w h e n Hnk k is paraUel to x s axis. The flywheel is t i l t e d abou t the 2^-axis b y the 
tilt angle. Pa 6 (0，7r). N o t e tha t ya is a lways pa ra l l e l to y。There fo re , the c o n f i g u r a t i o n of the 
s ing le w h e e l r o b o t can be descr ibed b y seven generaHzed coord ina tes {Xc, Yc, a , [3,7,0, p^), 
A s u m m a r y o f the d e f i n i t i o n of m o d e l var iables is s h o w n i n Table 2.1. 
The s p i n n i n g rate o f the f l y w h e e l a lways keeps constant because i t is re luctance to change 
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Figure 2.7: The side v i e w of the robo t F igure 2.8: The t o p v i e w of the robo t 
m o d e l m o d e l 
Table 2.1: Var iable d e f i n i t i o n 
Q!, OLa Precession angles of the w h e e l a n d flywheel, respect ively, measured 
about the ver t i ca l axis 
P Lean angles of the w h e e l 
A i T i l t angle be tween the l i n k h a n d ^:^-axis of the flywheel 
7 ,7a Sp in angles of the w h e e l a n d the flywheel, respect ive ly 
^ A n g l e be tween l i n k l i a n d x ^ -ax i s of the w h e e l 
^ w , rri i , ru f Mass of the whee l , i n te rna l mechan ism a n d flywheel respect ive ly 
m Tota l mass of the robot 
R, r Radius of the w h e e l a n d the flywheel respect ive ly 
Ixxw, Iyyw, hzw M o m e n t of iner t ia of the w h e e l about x, y a n d z axes 
h x f , Iyyf ’ Izzf M o m e n t of iner t ia of the f l y w h e e l about x, y a n d z axes 
Ms:Mp Fr ic t ion coeff ic ient i n y a w and p i t c h d i rect ions, respect ive ly 
u i ’ U2 D r i v e torque of the d r i ve m o t o r a n d t i l t to rque of the t i l t mo to r , respec-
t i ve l y 
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the s p i n n i n g ra te d u e t o the la rge m o m e n t o f i ne r t i a , t h u s t o r q u e a c t i n g o n t he s p i n m o t o r 
can be a p p r o x i m a t e l y cons tan t . I n t h i s case, w e o n l y n e e d t o cons ide r t w o g e n e r a l i z e d forces 
ac t i ng o n the s ing le w h e e l robo t : (1) t he d r i v e t o r q u e (t^i) f o r c o n t r o l l i n g t he r o t a t i n g speed 
o f t he w h e e l 7, (2) t he t i l t t o r q u e {u2) f o r t i l t i n g the flywheel t o d i f f e r e n t t i l t ang le |3a. 
A m o n g the th ree c o m p o n e n t s o f the r o b o t m o d e l , o n l y t he w h e e l is i n con tac t w i t h the 
g r o u n d at a l l t imes There fo re the v e l o c i t y cons t ra in ts f o r t he r o b o t are t he same as the n o n -
h o l o n o m i c cons t ra in ts o f t he r o l l i n g d i sk . ( Eqs. (2.7) a n d (2 .8 ) ) 
2.2.2 Equations of motion 
I n th i s sect ion, t he r e d u c e d equa t ions o f m o t i o n f o r the s ing le w h e e l r o b o t w i l l be d e r i v e d , 
f o l l o w i n g the p r o c e d u r e i n Sect ion 2.1.2. W e f i r s t p resen t t he L a g r a n g i a n o f each c o m p o n e n t s 
o f the r o b o t m o d e l i n t he f o l l o w i n g sect ions. T h e n w e p resen t t he L a g r a n g i a n o f t he o v e r a l l 
s y s t e m a n d d e r i v e the m o t i o n equa t ions o f the robo t . 
Wheel 
W e cons ider the w h e e l as a r o l l i n g d i s k , the L a g r a n g i a n o f t he w h e e l is t he same as the 
r o l l i n g d i s k , 
Lw - l m ^ [x^c + n' + WCpf] + 1 [hxw{aSpf 
+ I y y w _ + Izzw{o^Cf3 + 今 尸 ] - m ^ j g R S p , (2.28) 
w h e r e Ly j is the L a g r a n g i a n o f the w h e e l . 
Internal mechanism 
We f i rs t c o m p u t e the t rans la t iona l a n d ro ta t i ona l pa r t s o f k i ne t i c ene rgy f o r the i n t e rna l 
m e c h a n i s m (po in t mass D). Le t {ocD,yD, zo} be the center o f m a s s o f the i n t e r n a l m e c h a n i s m 
D w i t h respect to S o . The t r a n s f o r m a t i o n f r o m the center o f mass o f the w h e e l to the p o i n t 
D can be descr ibed: 
XD Xc hCe 
VD = Yc +Rs hSe (2.29) 
ZD Zc 0 
*— 」 L J L — 
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Let T / denote the t rans la t iona l k ine t ic energy o f the i n te rna l mechan ism: 
T l = \ m i [ x l + y l + z l ] (2.30) 
D i f f e ren t i a t i ng Eq. (2.29) a n d subs t i t u t i ng i t i n Eq. (2.30), w e ob ta i n T-. We observed that the 
i n te rna l m e c h a n i s m sw ings s low ly , so that the m o t i o n s h o u l d n o t con t r i bu te to the ro ta t iona l 
k inet ic energy substant ia l ly . Le t u)i be the angu la r ve loc i t y of the i n te rna l m e c h a n i s m w t h 
respect to Eo- We t h e n have 
oJi = R^LOB (2.31) 
w h e r e R ^ is the t r ans fo rma t i on f r o m Sjg to E^>. 
Ce Se 0 
Rs= -Se Ce 0 (2.32) 
0 0 1 
The ro ta t iona l k inet ic energy of the in te rna l mechan i sm is n o w g i v e n b y 
1 1 
T[ = - [ { i V i x f l x x i + { ^ i y f l y y i + { ^ i z ? I z z i \ (2.33) 
The l i n k h is assumed to be massless, the p r i nc ip le m o m e n t s o f ine r t ia o f D w i t h respect to 
the center c are !xxi = Iyyi = Izzi = r r i i l j - The po ten t ia l energy of the i n te rna l mechan i sm is 
P i = m i { R S p - h C e S p ) (2.34) 
The Lag rang ian of the in te rna l mechan ism is 
L i = { T | + T [ ) - P i . (2.35) 
Flywheel 
We assume that the l i n k l2 is ve r y sma l l compared to h , 
h ^ 0 (2.36) 
Thus, the flywheel's center of mass {E) coincides w i t h tha t of the i n te rna l mechan ism {D). 
Therefore, the t rans la t iona l pa r t of k inet ic energy of the flywheel w i l l be ident ica l to that of 
the in te rna l mechanism. Let Tj denote the t rans la t ional k inet ic energy of the f l ywhee l , t hen 
1 
Tf = 2 ^ / [ i ^ i x f l x x i +、。iyflyyi + {oOi^fl^^^ • (2.37) 
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Le t ujf be the angu la r ve loc i t y of the flywheel w i t h respect to Eo- We t h e n have 
0 
00f = R^UJB + $a (2.38) 
_ 7a _ 
w h e r e R § is the t r ans fo rma t i on f r o m S ^ to E ^ . 
CeS(3a - ¾ ¾ C^a 
Rs = Se Ce 0 (2.39) 
_ CeCpa -C(5aSe Sp^ _ 
The ro ta t iona l k ine t i c energy of the f l y w h e e l is n o w g i v e n by, 
T } = \ [ { u ^ f x f l x x f + [ ^ f y f l y y f + { ^ f z f l z z f ] (2.40) 
The flywheel is assumed to be a u n i f o r m d isk , the p r i nc i p l e m o m e n t s o f ine r t ia are I xx f = 
Iyy f = \ m f r ^ , Izzf = \ m f r ^ . The po ten t i a l energy of the flywheel is 
P f = m f { R S ^ - h C e S ^ ) (2.41) 
The Lag rang ian of the flywheel is 
L ; = ( T | + T J ) - P ; (2.42) 
Lagrangian of the overall system 
The Lag rang ian of the overa l l sys tem thus is 
L = [Lyj + L i + L f ] (2.43) 
Subs t i tu t ing Eqs. (2.28), (2.30), (2.34), (2.40) and (2.41) i n Eq. (2.43), w e m a y de te rmine L. 
There are o n l y t w o con t ro l torques avai lable o n the system. The f i rs t is the d r i v e to rque 
{u i ) and the second is the t i l t to rque {u2). Consequent ly , us i ng the const ra ined Lagrang ian 
me thod , the d y n a m i c equat ion of the ent i re system is g i v e n b y 
M(q)q + N{q, q) = A^X + Bu (2.44) 
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w h e r e M{q) G 7^7x7 &nd N{q^ q) G Tl^xi are the iner t ia m a t r i x a n d non l i nea r t e r m respec-
t ive ly. 
“、 1 0 -RCaC0 RSaSp -RCa 0 0 
Mq) = (2.45) 
_ 0 1 -RCpSa -RCaSfi -RSa 0 0 _ 
Xc ] r 0 0 
Yc 0 0 
a r 1 0 0 r 1 
、 ^1 „ ui 
q = p ,A= ,B= 0 0 ,U = 
A2 U2 
7 ki 0 
Pa 0 1 
e \ [ k2 0 
The n o n h o l o n o m i c constra ints can be w r i t t e n as, 
A{q)q = 0. (2.46) 
N o t e d that all elements of the last two columns of the matrix A are zero, because the nonho lo -
nom ic constra ints o n l y restr ict the m o t i o n of the whee l , n o t the flywheel. The last t w o 
co lumns represent the m o t i o n var iables of the f l ywhee l . Moreove r , the matrix B has only 
three rows with non-zero elements, since the i n p u t torques o n l y d r i v e the t i l t angle o f the fly-
w h e e l {|3a) a n d the ro ta t i ng angle of the w h e e l (7), so that the f i f t h a n d the s i x th r o w s o f B 
are non-zero as they represent the t i l t i ng m o t i o n of the f l y w h e e l a n d the r o ta t i ng m o t i o n o f 
the w h e e l respect ively. Fu r the rmore , w h e n the w h e e l rotates, the p e n d u l u m m o t i o n of the 
in te rna l mechan ism is i n t roduced , thus 6 changes. Therefore, the d r i v e to rque of the w h e e l 
w i l l also affect the p e n d u l u m m o t i o n of the in te rna l mechan ism {6), so tha t the seventh r o w 
of the ma t r i x B is n o t zero. 
2.2.3 Model simplification 
Practical ly, w e m a y assume h and h are zero, thus the mass center of f l y w h e e l and the 
in te rna l mechan ism are co inc ident w i t h the center of the robot . For steady m o t i o n of the 
robot , the p e n d u l u m m o t i o n of the in te rna l mechan ism is su f f ic ien t ly sma l l to be neglected, 
thus e is set to be zero. The sp inn ing rate of the flywheel 7^ is set to be constant. Let 
5>A := sin(P + Pa), C^A := cos(p + Pa), and S20p, ：= sin[2{p + /3J]. Based on the 
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p r e v i o u s d e r i v a t i o n , t he normalform o f t he d y n a m i c m o d e l is 
M{q)q = F{q,q)+Bu (2.47) 
w h e r e q = [a,f3,j,^af, 
Mii 0 Mi3 0 
“ 0 Ixxf + Ixxw + mR2 0 Ixxf 
M = — ^ , 
Mi3 0 2 I ^ + mR2 0 
_ 0 I x x f 0 I x x f _ 
— 「一 — — — _ T 
F = [F1,F2,F3,F4J , 
0 0 1 0 1 \ ul 
B = , u = 
0 0 0 1 J L u2 
^11 = Ixxf + Ixxw + IxxvjCp + mB?C^ + IxxfCp^|^^ 
Mi3 = 2IxxwC^ + mR^Cp 
Fl = {Ixxw + mR^)S2paP + IxxfS2pPa<^P + hxfS2pPa^Pa 
• • • 
+ ^ I x x w S p P ^ + ^IxxfS|3,|5aPia + ^ ^ x f S p , p ^ P a i a — f J ' s ^ 
,2 = -gmRCp - {h^^ + mR^)CpSpa^ - IxxfCp,p^Sp^p^a^ 
- (24xw + mR^)Spa^ — 2I^^fSp^p^aia 
,3 = 2(I^^^ + mR^)Spa0 
^4 = -^xxfCp^p^Sp^p^a^ — 2i_Spj3J)ria 
w h e r e M{q) G i?4x4 ^ n d F{q,q) G i ^4x i ^re the i ne r t i a l m a t r i x a n d n o n l i n e a r t e r m o f the 
s ing le w h e e l r o b o t respect ively. 
We f u r t h e r s i m p l i f y the m o d e l b y d e c o u p H n g the t i l t i n g va r iab le Pa f r o m Eq. (2.47). Prac-
t ical ly, (3a is d i r ec t l y con t roUed b y the t i l t m o t o r ( pos i t i on con t ro l ) , a s s u m i n g tha t the t i l t 
ac tuator has a n adequate t o rque to t rack the des i red pa [ t ) t ra jec to ry exactly. F u r t h e r m o r e , 
there is an accelerat ion coupHng b e t w e e n the lean angle a n d t i l t ang le i n the roU d y n a m i c s , 
b u t M22 is m u c h larger t h a n the I j^^f , so tha t the accelerat ion effect o f the t i l t ang le to the roU 
d y n a m i c s can be neglected. Therefore, Ax can be d e c o u p l e d f r o m Eq. (2.47). I t is s im i l a r to 
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the case of decoup l i ng the steer ing var iable f r o m the bicycle dynamics s h o w n i n [5],[11]. 
As w e consider (5a as a n e w i n p u t u^^, the dynamics m o d e l Eq. (2.47) becomes 
Pa = UPa 
M{q)'q = F{qji) + Bii. (2.48) 
w i t h q = [a , /5 ,7 ]7 , 
M i i 0 M i 3 
M 二 0 /工工/ + 1進’ + TTin：^ 0 
_ M i 3 0 2 / 工 工 出 + 7 " ； ? 2 
F= [A,F2 ,F3]^ 
- 0 0 1 1 \ 7ii 
B = ，iL = 
B n 0 0 J [ u,3„ 
A/11 = M i i , 
M i 3 二 M i : i , 
户1 = (fss,v + mR')S-23aft + I,sfS2:i3Al^ 
-'2I_rswS,ifii + 2Ij,^fS;ijl^fiia 一 |l,('h 
f-2 = A, 
F:i = /:i. 
力11' = IxxfS-2JJ,,('i + '^lTxfSjJ,^ia^ 
Kq. (2.48) shows the reduced dynamic mode l of the single wheel robot after dccoup l ing 
the t i l t ing var ib le 山,with new matrices A/(r/) G T :^。:.] and f ’ (( ] , ; ] ) e U '^ ' ^ . The realistic 
goon ie t r ic /mass parameters aro shown in Tablo 2.2 . Note that if the lean angle ii is set to 
bo 0 ' or 180^ the inort ial matr ix A/ w i l l become singular as in the case of the ro l l ing disk. 
Also, the loan angle . i doos not couple w i t h the ro l l ing angle - and thc steering angle 0 in 
acceleration level, wh i le they are coup l ing in veloci ty level th rough the cross t iTms “ and /i. 
lt is di t teront f rom typical undcract i ia ted systems such as the undcractunted manipu la tors 
bocauso most ot them aro subjected on dccelerntion coupl ing. Morc discussions are g iven in 
tho next chapter. 
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Table 2.2: Parameters u s e d i n s i m u l a t i o n a n d e x p e r i m e n t s 
Wheel : m = 1.25kg, R = 17cm 
I n t e r n a l m e c h a n i s m : rrii = 4Akg, 
F l y w h e e l : rrif = 2Akg^ r = 5cm 
F r i c t i o n coe f f i c ien ts : /½ = lNm/(rad/s), |j>g = O . O l i V m / ( r a c / / s ) 
2.3 Dynamic properties of the single wheel robot 
The r o b o t d y n a m i c m o d e l is h i g h l y c o u p l e d , n o n h o l o n o m i c a n d u n d e r a c t u a c t e d . Because 
the m a j o r p a r t o f t he r o b o t is a r o l l i n g d i s k , there fo re i t processes a t y p i c a l m a n n e r o f a r o l l i n g 
d i sk . Fo r a r o l l i n g d i sk , i t does n o t f a l l w h e n i t is r o l l i n g , because there is a gy roscop i c t o rque , 
r e s u l t i n g f r o m the c o u p l i n g m o t i o n b e t w e e n the r o l l a n d y a w m o t i o n s , f o r b a l a n c i n g the 
g r a v i t a t i o n a l t o rque . H o w e v e r , i ts r o l l i n g speed m u s t b e h i g h e n o u g h to p r o v i d e a su f f i c ien t 
gy roscop ic t o r q u e fo r b a l a n c i n g the d isk . W h e n w e i ns ta l l ed a f l y w h e e l o n the w h e e l , the 
robo t ' s gy roscop ic t o r q u e is greater a n d less d e p e n d s o n i ts r o l l i n g speed 7, o w i n g to the 
h i g h speed s p i n n i n g flywheel. T h a t is the lean ang le o f the r o b o t t ends t o r e m a i n u n c h a n g e d . 
W e can e x p l a i n th is character is t ics based o n the e q u i l i b r i u m s o l u t i o n o f Eq. (2.48). Fo r the 
l o w y a w rate a n d a = ^ = 7 = 0, /? = 0, ui = u � = 0 , Eq. (2.48) becomes 
0 = gmRCp + (2/工測 + mR^)Spa^ + 2I^^fSp^p^aja, (2.49) 
F r o m Eq. (2.49), the t e rms j a a n d 7 « ^ are used to cancel the g r a v i t a t i o n a l to rques gmRCp, 
i n o rde r to s tabi l ize the r o l l c o m p o n e n t o f the system. Because the s p i n n i n g ra te 7^ is v e r y 
h i g h , the t e r m 2IxxfSp,pJx、a is s ign i f i can t l y large, i n o rde r to cancel the g r a v i t a t i o n a l t o rque , 
even t h o u g h the r o l l i n g speed 7 is l ow . Thus , i t w i l l achieve a n e q u i l i b r i u m s teer ing rate d^ , 
^ = -gmRCp^ 
‘ ^ I x x f S p , , P a i a + 恥測 + mR^)Sp^j (丄⑷） 
f o r a speci f ic lean ang le /¾. 
F igures 2.9 a n d 2.10 s h o w the s i m u l a t i o n resul ts o f a r o l l i n g d i s k w i t h o u t the flywheel. 
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Figure 2.9: The s i m u l a t i o n results of a r o l l i n g F igure 2.10: The s i m u l a t i o n resul ts o f the s in-
d i sk w i t h o u t flywheel. gle w h e e l robot . 
a n d that of the s ingle w h e e l robot , respect ively, u n d e r the same i n i t i a l cond i t i ons 
‘P = 7Q�,Pa = 0�, 
< p = a = |3a = 0 rad/s,j = 15 rad/s, 
a = 0。. 
\ 
N o t e that the lean angle P of a r o l l i n g d isk w i t h o u t the f l y w h e e l decreases m o r e r a p i d l y t han 
that of the s ingle w h e e l robo t as s h o w n i n Figures 2.9b a n d 2.10b. Th is ver i f ies the stabi l iz-
i n g effect of the f l y w h e e l o n the single w h e e l robot . I n Figures 2.10a-c, u n d e r the in f luence 
of f r i c t i on i n the y a w d i rec t ion, the steer ing rate a a n d the lean ing rate /5 w i l l converge to a 
steady state so lu t i on as s h o w n i n Eq. (2.50). O therw ise , the u n w a n t e d h i g h f requency oscil-
la t ion w i l l occur. Practical ly, i t w i l l no t p roduce a s ign i f icant effect o n the sys tem because the 
f requency of the above osci l la t ion is m u c h greater than the sys tem response. I f the ro l l i ng 
speed of the d isk is reduced, the ro l l i ng d isk w i l l fa l l m u c h qu ick ly . 
U n t i l now, w e consider on l y the case w h e n the f l ywhee l ' s o r ien ta t ion is f i xed w i t h re-
spect to the whee l . Here, w e w i l l focus on the t i l t i ng effect of the flywheel to the robot. 
Based on the conservat ion of angular m o m e m t u m , w h e n the t i l t angle of the flywheel pa 
changes, the w h o l e robot w i l l rotate i n the opposite direction i n order to ma in ta i n a constant 
angular m o m e n t u m . I t imp l ies that w e may cont ro l the lean angle of the robot for steering. 
S imu la t i on and exper iment results are s h o w n in F igure 2.11 and F igure 2.12, respectively. 
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Figure 2.11: The s imu la t i on results of t i l t i n g F igure 2.12: The expe r imen t results o f t i l t i n g 
the f l y w h e e l o f the robot w i t h $a = 73 deg/s the flywheel o f the robo t w i t h Pa = 73 deg/s 
unde r the same in i t i a l cond i t ions 
‘ ^ = 90�,A^ = a = 0。， 
(/3 = a = Pa 二 0 rad/s,j = 15 rad/s, 
a = 0°. 
\ 
Both Figures 2.11 and 2.12 show that i f the t i l t angle |3a rotates i n 73 deg/s counterc lockwise 
at t = 2.4 second, the lean angle /? rotates i n c lockwise d i rec t ion . I n the exper iment , the 
t ransient response of /3 is more cr i t ical t han the s imulat ions. For 2.7 second, the t i l t angle 
remains unchange and then the lean angle /3 and steer ing rate a converge to steady state 
values i n b o t h s imula t ions and exper iments. I n the exper iment , w e have n o t f o u n d any h i g h 
f requency osciUations perhaps because the sensor response and the samp l i ng t ime are m u c h 
s lower than the h i g h f requency osci l lat ions. 
Chapter 3 
Stabilization of the Single Wheel Robot 
I n the p rev ious chapter, w e inves t iga ted the k inemat ics a n d d y n a m i c s o f the s ing le w h e e l 
robot , hv th is chapter. We f i rs t l inear ize the d y n a m i c m o d e l a r o u n d the ve r t i ca l pos i t i on , 
a n d t h e n s t u d y the con t ro l l ab i l i t y a n d the n o n - m i n i m u m phase b e h a v i o u r of the robot . We 
propose a l inear state feedback cont ro l le r fo r s tab i l i z ing the robo t to d i f f e ren t lean angles, so 
as to con t ro l the s teer ing ve loc i t y of the robot . 
3.1 Linearized model 
I n Sect ion 2.3, w e s h o w e d that the m o d e l of the s ingle w h e e l robo t is h i g h l y coup led , non -
ho lonom ic a n d underac tua ted . I n fact, the robo t is i nhe ren t l y uns tab le i n the la tera l d i rec-
t ion , the s tab i l i za t ion of the robo t is a lways necessary. Moreove r , o w i n g to the absence of 
special s teer ing mechan i sm such as a s teer ing f r on t whee l , the robo t steers o n l y b y lean ing 
i tself to a p rede f ined ro l l angle. Jn general , i f the robo t w a n t s to steer to the le f t h a n d side, 
i t leans t o w a r d the le f t h a n d side. Hence, the s tab i l i za t ion of the robo t is i m p o r t a n t n o t o n l y 
fo r ba lanc ing, b u t also fo r steering. The key p r o b l e m for the s tab i l i za t ion o f the robo t is the 
c o u p l i n g effect be tween the y a w and ro l l mo t i ons w h i l e no actuator can be used d i rec t l y fo r 
the con t ro l of the r o l l mo t i on . 
There have been some w o r k o n the dynamics and con t ro l of a u t o n o m o u s un icyc le a n d b i -
cycle. Schoonw inke l [36] b u i l t an au tonomous stabi l ized unicyc le. H e m o d e l e d the h u m a n -
r id ing -un icyc le sys tem as a three-bodies system, i.e., a whee l , a f rame a n d a ro ta ry turn tab le . 
H e separated the lateral and l o n g i t u d i n a l dynamics b y p e r t u r b a t i n g the y a w rate to specific 
quant i t ies. Based o n the m o d e l of Schoonwinke l , Vos a n d v o n F l o t o w [41] i m p l e m e n t e d the 
n e w L Q G contro l ler fo r the stabiHzation of the un icyc le and deal t w i t h the non l inear p rob-
l e m of d r y f r i c t i on be tween the w h e e l and f loor i n the y a w d i rect ion. Bo th the un icyc le of 
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Figure 3.1: The la tera l desc r ip t i on of the l i nea r i zed m o d e l . 
Vos a n d S c h o o n w i n k e l used an actuator, react ing against the tu rn tab le to p r o v i d e con t inu -
ous y a w rate fo r the s tab i l i za t ion i n the la tera l m o t i o n . Sheng a n d Yamafu j i [37] m o d e l e d 
the un icyc le w i t h a whee l , t w o closed l i n k mechan isms a n d a r o t a r y tu rn tab le . N a k a j i m a et 
al. [26] des igned an un icyc le w h i c h is s im i la r to a r u g b y ba l l w h e r e there is a ro ta ry actuator 
be tween the u p p e r a n d l o w e r body. The un icyc le can be s tab i l i zed b y s w i n g i n g the u p p e r 
body. They also decoup led the lateral a n d l o n g i t u d i n a l mo t ions . I t is d i f fe ren t f r o m ou r 
m o d e l because they d i d n o t consider the y a w dynamics a n d the c o u p l i n g effect be tween the 
y a w a n d ro l l mo t ions . Beznos et al. [5] s tud ied a gyroscop ica l l y s tab i l i zed b icyc le consist-
i n g of t w o coup led gyroscopes s p i n n i n g i n the oppos i te d i rect ions. T h e y presented a l inear 
m o d e l of the b icyc le a n d a con t ro l l a w to t rack a s t ra ight l ine as w e l l as a curve. H o w e v e r , 
the y a w dynamics was n o t taken in to account a n d the steer ing angle of the f r on t w h e e l was 
decoup led f r o m the dynamics . 
M o s t of the above men t i oned w o r k focus o n l y o n the s tab i l i za t ion of the i r robo t to 
the u p r i g h t pos i t ion , b u t n o t any desi red lean angle, except [26]. The s ingle w h e e l robo t 
steers b y lean ing to d i f fe rent roU angles. Therefore, i t is necessary to des ign a controUer 
that can stabi l ize the lean angle to any desi red va lue, so as to con t ro l the steer ing veloci ty. 
Fur thermore , w e consider on l y the lateral stabiHty of the single w h e e l robo t because a l l i ts 
components are ins ide the wheel . Howeve r , for the un icyc le t ype robo t such as [36] a n d 
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Table 3.1: Var iables d e f i n i t i o n fo r the l i nea r i zed m o d e l 
/i5, jjLg F r i c t i on coef f ic ient i n y a w a n d p i t c h d i rec t ions respect ive ly 
1^ 05 ^  N o m i n a l c o m p o n e n t a n d the sma l l p e r t u r b a t i o n o f the w h e e l angu la r 
ve loc i t y respect ive ly 
知 Sma l l p e r t u r b a t i o n of the lean angle a r o u n d ve r t i ca l p o s i t i o n 
5j3^ Smal l p e r t u r b a t i o n of the t i l t angle a r o u n d ver t i ca l p o s i t i o n 
[41], i ts ac tua t ion mechan isms are b u i l t ou ts ide the whee l , b o t h the la tera l a n d l o n g i t u d i n a l 
s tab i l i t y s h o u l d be considered. The s teer ing ve loc i t y of the s ingle w h e e l r obo t is the same as 
the y a w rat a because there is n o special s teer ing m e c h a n i s m i n o u r robot . 
We der i ve a l inear m o d e l based o n the f o l l o w i n g assumpt ions : the s p i n n i n g rate 7^ is 
su f f i c ien t ly large so that the te rms 7a/5, %6: are m u c h larger t h a n the te rms j3j, $a, 0?. We 
t hen l inear ize the sys tem Eq. (2.48) a r o u n d the ver t i ca l p o s i t i o n w i t h f3 = 90。+ S p , j = 
队 + ^ , /3a = ^Pa' The d e f i n i t i o n of var iables a n d the con f i gu ra t i on o f the l i near i zed m o d e l 
are s h o w n i n Table 3.1 a n d F igure 3.1 respect ively. The l ineared m o d e l is 
{Ixf + Ixw)^ = 2(IxyjQo + Ixfia) '^fi 一 A^S 
+21^ f iaup^ (3.1) 
iLw + mR^)Sp = gmR5p - (2/測 + mi^^)Ood 
-2Ixf%a (3.2) 
(24^ + mB?)tl = -fj,gQ + ui (3.3) 
Because 0 is i ndependen t of the ro l l and y a w dynamics Eqs. (3.1) a n d (3.2), w e can decom-
pose the p i t c h dynamics Eq. (3.3) and setup a close l oop fo r con t ro l l i ng the angu la r ve loc i ty 
of the robo t Q,. The rema in ing y a w a n d ro l l dynamics f o r m a state equa t i on as, 
X = Ax + Gu, (3.4) 
.1了 
where x = S^, d, 5p , 
- n r- ^ 
0 0 1 0 
^ = 0 a22 tt23 ，G = b2 
a31 a32 0 0 
L 」 L _ 
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w h e r e a22,..., a32 a n d 62 are d e r i v e d f r o m Eqs. (3.1) a n d (3.2). 
3.2 Controllability and non-minimum phase character-
istics 
Le t C{A, B) be the con t ro l l ab i l i t y m a t r i x o f the sys tem Eq. (3.4), t h e n 
\C{AB)\ = 4,bl 
= ^ i^Ixxw + mB?)Q.o + 24a;/7a^2^ ^Ixxfja )3 (35) 
Ixxw + TT^R^ Ixxf + Ixxw 
F r o m Eq. (3.5), the sys tem is cont ro l lab le i f j a i=- 0. I t is because i f the s p i n n i n g rate o f the 
flwheel is equa l to zero, the flywheel does n o t p r o v i d e an a d d i t i o n a l s tab i l i z i ng force fo r 
ba lanc ing the robot . 
To achieve the p a t h f o l l o w i n g of the robo t , i t is des i rab le to c o n t r o l the f o r w a r d speed 
a n d the s teer ing veloc i ty . F r o m Eq. (3.3), w e can con t ro l the f o r w a r d speed b y p e r t u r b a t i n g 
the n o m i n a l r o l l i n g speed ( f lo ) to any des i red va lue. H o w e v e r , fo r the c o n t r o l o f s teer ing 
veloc i ty , i t exh ib i ts n o n - m i n i m u m phase behav iour . I f w e cons ider the s teer ing ve loc i t y a as 
the o u t p u t o f Eq. (3.4). T h e n the t ransfer f u n c t i o n w i l l become 
H{s) = c{sI-A)-'b 
= ^2(-Q31+g') 
s^ - a22s^ - (a31 + CL23a32)s + a22a31 . 
w h e r e c = [0,1,0] a n d b = G = [0,62，0]^. N o t e that there is a zero o f H(s) o n the r i gh t -ha l f 
p lane, therefore i t is n o n - m i n i m u m phase. I t means that the robo t w i l l fa l l i f w e con t ro l on l y 
the s teer ing rate a of the robot . 
3.3 Linear state feedback 
w e propose a l inear state feedback, 
U3a = - ^ i ^ 3 — k2'^3 — h ( ^ , (3.7) 
for s tab i l i z ing the sys tem to an e q u i l i b r i u m (up r i gh t pos i t ion) such that 
S3 = 0, (^ = d = 0 rad/s, 6j = a = Q = 0 rad/s^ 
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F igu re 3.2: Schematic o f the con t ro l a l go r i t hms . 
w h e r e k i , fe, ^3 are feedback gains. I n o rder to ensure a n a s y m p t o t i c s tab i l i t y o f the sys tem 
Eq. (3.4), the necessary cond i t i ons of the feedback gains are 
ki < 0, k2 < 0, ks > 0. 
I t ensures tha t a l l e ignva lues of the c losed l o o p sys tem have nega t i ve rea l par ts . 
O n the o ther h a n d , i f w e stabi l ize the sys tem to a des i red lean angle S^gre/ such tha t 
• •• • r ) 
Sp = 5pref, ¢^ = Q!s, ^p = 0 rad/s, Sp = a = f2 = 0 rad!s , (3.8) 
t h e n the con t ro l l a w Eq. (3.7) w i l l become 
〜 a = - ^ 1 ( ¾ — h r e f ) - hSp — k3{a - as). ( 3 . 9 ) 
w h e r e d5 is the e q u i l i b r i u m steer ing rate u n d e r the cond i t i ons Eq. (3.8), tha t is 
^ = 9^Rhref 
s — (24謂 + mR2)n�+ 2/^^;7a ^^^ 
G i v e n the n o m i n a l r o l l i n g speed r^ 。，the e q u i l i b r i u m steer ing rate as is co r respond ing to one 
a n d o n l y one lean angle 5 问 . T h u s 5 问 a n d d^ can n o t be selected i ndependen t l y . Th is is 
the n o n h o l o n o m i c characterist ics of the robo t m e n t i o n e d i n Chap te r 2. 
We t rack a des i red p a t h b y con t ro l l i ng the s teer ing ve loc i t y d . H o w e v e r , the robo t m a y 
fa l l i f w e o n l y focus o n the con t ro l of the s teer ing ve loc i t y due to the n o n - m i n i m u m phase 
behav iour . Ln oder to t rack a des i red steer ing ve loc i t y arefr w e p ropose to t rack a r o l l angle 
Spref that w i U be co r respond ing to the des i red steer ing ve loc i t y based o n Eq. (3.10). I t is 
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Figure 3.3: The s i m u l a t i o n resul ts of the sin- F igure 3.4: The s i m u l a t i o n resul ts of the sin-
gle w h e e l robo t s tab i l i zed to ver t i ca l pos i - g le w h e e l robo t s tab i l i zed to 6pref = 20°. 
t ion . 
because the e q u i l i b r i u m steer ing ve loc i t y ag of the r o l l angle Spref is equa l to the des i red 
steer ing ve loc i t y 6ve/. T h e n w e setup a c losed l oop con t ro l fo r t r ack i ng the Spref accord ing 
to Eq. (3.9). The schematic d i a g r a m for the con t ro l of the s teer ing rate is s h o w n i n F igure 3.2. 
Final ly , w e need setup a con t ro l l oop for t r ack ing the des i red pa (t) to p r o v i d e the sui table 
up^ fo r the closed l oop sys tem Eq. (3.4). 
3.4 Simulation Study 
First, w e stabi l ize the robo t to the u p r i g h t pos i t i on {P = 9 0 ^ , ^ ^ e / = 0^), such that the 
resu l t ing t ra jectory is a s t ra ight Hne. The s imu la t i on results are s h o w n i n F igure 3.3. The 
in i t i a l cond i t ions are, 
^ = 10�,A^ = a = 0。， 
\ Sp = a = Pa = 0 rad/s,^ = 15 rad/s, 
ki 二 —15, k2 = -1，k3 = 3, Qo = 15 r a d / s 
F r o m Figure 3.3, i t shows that the lean angle (3 exponent ia l l y converge to 90°, so that the 
steer ing rate w i U exponent iaUy converge to zero. Therefore the t ra jectory of the center of 
3.4 Simulation Study 36 
the robo t is s l i gh t c u r v e d at the b e g i n n i n g a n d t h e n f i na l l y converges to a s t ra igh t l ine. 
T h e n w e set Sp^ef = 20° a n d the s i m u l a t i o n resul ts are s h o w n i n F igu re 3.4. N o t e tha t 
since 6pref is n o t eqau l to zero, there exits an e q u i l i b r i u m s teer ing rate a^ accord ing to 
Eq. (3.10). Thus , the resu l t i ng t ra jectory is a circle. 
] 
Chapter 4 
Path Following of the Single Wheel Robot 
I n th is chapter, w e f i rs t s t u d y the p r o b l e m of the p a t h f o l l o w i n g o f vehic les w i t h non -
h o l o n o m i c constra ints , a n d t hen discuss the d i f f i c u l t y i n con t ro l l i ng o u r r obo t fo r the p a t h 
f o l l o w i n g . We descr ibe the robo t m o t i o n b y a set of con f igu ra t ions u s i n g the p a t h cu rva tu re 
a n d des ign a cont ro l le r fo r the l ine f o l l o w i n g . The l ine f o l l o w i n g cont ro l le r is d i v i d e d i n to 
t w o parts: (1) ve loc i t y i npu t s are des igned fo r the k inemat i c m o d e l to m a k e the p o s i t i o n 
a n d o r ien ta t i on er ror asympto t i ca l l y stable. Th is is ca l led the ve loc i t y con t ro l law. (2) to rque 
con t ro l l a w is des igned such that the l inear a n d s teer ing veloc i t ies o f the robo t converge to 
the veloci t ies ob ta ined f r o m the ve loc i t y con t ro l law. We cons ider the de r i va t i ve of the p a t h 
cu rva tu re as the ve loc i t y con t ro l law. I t is expressed as a l inear c o m b i n a t i o n of the cur ren t 
vehic le p a t h curva ture , head ing angle a n d the p o s i t i o n error. We demons t ra te the asymp-
tot ic s tab i l i ty of the ve loc i t y con t ro l law. For to rque con t ro l law, w e use the l inear state 
feedback to stabi l ize the robo t to the des iged lean angle w h i c h is co r respond ing to the steer-
i n g ve loc i ty ob ta ined f r o m the ve loc i ty con t ro l law. We invest igate the effects of the i n i t i a l 
head ing angle, the r o l l i n g speed a n d the cont ro l ler gains to the p a t h f o l l o w i n g control ler . 
4.1 Path following for nonholonomic systems 
I n Sect ion 2.1.1, w e s h o w e d that the k inemat ic constraints of the s ingle w h e e l robo t are non -
ho lonomic due to the ro l l i ng constraints. M a n y researches have been done i n nav iga t i on 
p r o b l e m ^ of a mob i l e robot unde r the nonho lonom ic ve loc i t y constra ints (The f i rs t o rder 
nonho lonom ic constraints). K o k n a n o v s k y a n d M c C l a m r o c h [21] p roposed the backstep-
p i n g con t ro l approach that p rov ides a r igorous m e t h o d of t a k i n g i n t o account the specific 
^Navigation problem of a mobile robot normally divides into three basic problems: tracking a reference 
trajectory, following a path, and point stabilization. 
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vehic le d y n a m i c s to conver t the k inemat i c m o d e l c o m m a n d i n t o con t r o l i n p u t s fo r the ac-
t u a l vehic le. F i rs t , feedback ve loc i t y con t ro l i n p u t s are des igned fo r the k i nema t i c sys tem 
to m a k e the p o s i t i o n er ror asympto t i caUy stable. Then , a c o m p u t e d - t o r q u e con t ro l le r is de-
s igned such tha t the m o b i l e robots ve loc i t y converge to the g i v e n ve loc i t y i npu ts . Thus 
one can con t ro l k i nemt i c m o d e l a n d d y n a m i c m o d e l separate ly as s h o w n i n [30] a n d [9:. 
K a n a y a m a et al. [18] d e v e l o p e d a stable con t ro l l a w to de te rm ine a veh ic le 's l inear a n d ro-
ta t iona l ve loc i t ies, so as to f o l l o w a p a t h w h i l e t r ack i ng the reference l inear a n d ro ta t i ona l 
veloci t ies. The s tab i l i t y of the ru le was p r o v e d t h r o u g h the use o f a L i a p u n o v func t i on . Sam-
son [33] p r o p o s e d a s m o o t h t ime v a r y i n g feedback l aws fo r the p a t h f o l l o w i n g o f a cha ined 
sys tem of w h e e l e d robots. Canudas a n d Sorda len [39] also p r o p o s e d a p iecewise feedback 
laws for exponen t ia l l y s tab i l i z ing a mob i l e robot . R u i [30] also p r o p o s e d a con t ro l l a w fo r 
the p a t h t r ack ing of a r o l l i n g d isk , w h i c h is n o t cons t ra ined to the ve r t i ca l pos i t i on , u s i n g 
the d y n a m i c extension. H o w e v e r , i n h is m o d e l , he assumed tha t there is a to rque d i rec t l y 
act ing o n the r o l l d i rec t i on of the d i sk fo r s tabi l izat ion. 
M o s t of t h e m cons idered the k inemat i c constra ints of the vehic les w i t h s teer ing f r on t 
w h e e l as 
X Ce 0 1 � ] 
y = Se 0 ” (4.1) 
. Ct； 
e 0 1 L j 
where {x, y) is the pos i t i on of the center of the vehicles, 9 is the o r ien ta t ion , a n d [v, uo) are the 
l inear ve loc i ty a n d the ro ta t iona l ve loc i t y respectively. The d i f f i c u l t y o n s o l v i n g the nav iga-
t i o n p r o b l e m of the vehicles unde r th is constra ints Hes i n fact tha t t hey have three degrees 
of f r eedom x, y a n d 9 i n i ts pos i t i on ing b u t on l y t w o con t ro l i n p u t s v, co. L i o ther w o r d s , 
just because the vehic le is nonho lonomic . H o w e v e r , the constra ints of the s ingle w h e e l robo t 
Eqs. (2.7) and (2.8) are d i f fe rent f r o m the above constra ints Eq. (4.1). There are d r i f t terms 
i n t r oduced i n Eqs. (2.7) and (2.8) because no actuator acts o n the roU d i rec t ion such that 
the terms coup led w i t h the lean rate P become the d r i f t terms. Therefore, the d i f f i cu l t y o n 
so lv ing the p a t h f o l l o w i n g p r o b l e m of the single w h e e l robo t lies i n fact that the vehicles no t 
on l y con t ro l the pos i t i on (rc, y) and the o r ien ta t ion 6 us ing t w o con t ro l i n p u t {v, cj), b u t also 
cont ro l the lean angle j3 w i t h i n a stable region. I f i t fai l , the robot faUs. 
Fur thermore , the constraints Eq. (4.1) a l l ow po in t steer ing of the f ron t whee l . H o w e v e r , 
4.2 Definition of path following ^? 
fo r the s ing le w h e e l robo t , i t is n o t a l l o w e d to have p o i n t s teer ing w h i l e the de r i va t i ve o f 
p a t h cu rva tu re m u s t be con t inuous . Therefore, the above m e n t i o n e d m e t h o d s are n o t su i t -
able to o u r robot . The pu rpose of th is chapter is to present o u r p r o p o s e d con t ro l a l g o r i t h m 
fo r so l v i ng the p a t h f o l l o w i n g p r o b l e m of the s ingle w h e e l r obo t w h i c h is n o n h o l o n o m i c 
a n d unde rac tua ted i n r o l l dynamics . 
4.2 Definition of path following 
Jn th is sect ion, w e def ine the p a t h f o l l o w i n g p r o b l e m of the vehic les a n d i d e n t i f y the d i f -
ferences b e t w e e n the t ra jectory t r ack ing a n d the p a t h f o l l o w i n g . The d e f i n i t i o n o f the p a t h 
f o l l o w i n g is: 
G i v e n a p a t h P{s) i n the p lane, a n d the l inear ve loc i t y o f the vehic les v{t), f i n d 
a s m o o t h (angular ) ve loc i t y i n p u t Vc{t) = /c(e0, v, b, K ) such tha t l imt^oo eg = 
0 a n d limi_).oo b{t) — 0, w h e r e ee, b{t) a n d K are the the o r i en ta t i on error, the 
distance be tween a reference p o i n t i n the vehic les a n d the p a t h P{s) a n d the 
cont ro l le r ga in vector, respectively. T h e n c o m p u t e the to rque r fo r the d y n a m i c 
mode l , such that v — Vc as t — 00. 
The p a t h f o l l o w i n g is d i f fe rent f r o m the t ra jectory t rack ing. I n the t ra jectory t rack ing , the 
des i red t ime h i s to ry of the o u t p u t var iables is specif ied. Therefore, i n th is case, the task is 
n o t o n l y to reach a po in t , b u t also to reach a p o i n t at a speci f ied t i m e instant . H o w e v e r , i n 
the p a t h f o l l o w i n g , the des i red p a t h Prf(5) is speci f ied o n the geome t r y of the pa th . I n th is 
case, the task is o n l y to f o l l o w the p a t h as closely as possible. 
4.3 New configuration 
Ln. Sect ion 4.1, w e s h o w e d that the nonho lonom ic constraints of the robo t are d i f fe rent f r o m 
that of the t yp i ca l mob i le robot because i t is pe r t u rbed f r o m the ver t i ca l pos i t ion . The con-
straints of the robot are 
^C = m c ^ + diC^C^ - ^SaSp) (4.2) 
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Figure 4.1: Pr inc ip le of l ine f o l l o w i n g . 
t = R { j S a + aCpSa+PCaSp) ( 4 . 3 ) 
N o t e that the r o l l i n g speed 7 a n d the y a w rate a are the i n p u t s to the sys tem Eqs. (4.2) a n d 
(4.3), w h i l e the lean rate /? can n o t be d i rec t l y con t ro l l ed because there is n o ex terna l to rque 
act ing o n the r o l l d i rec t ion. I t is h a r d to solve the n a v i g a t i o n p r o b l e m of th is n o n h o l o n o m i c 
sys tem w i t h d r i f t terms. I n o rder to s i m p l i f y the p rob l em , w e redef ine the con f i gu ra t i on of 
the robo t based o n the characterist ics of the n o n h o l o n o m i c m o t i o n . 
I n the p rev ious chapter, w e n o r m a l l y cons idered the center o f mass (Xc, ^c) to be the 
pos i t i on of the robot . H o w e v e r , fo r the p a t h f o l l o w i n g , the robo t need t rack a des i red p a t h 
o n the g r o u n d , i t is bet ter to use the p o i n t of contact a o n the g r o u n d to descr ibe the pos i t i on 
of the robot , ins tead of the center of mass.(Figure 2.6) Le t {xa, Va) be the coord inates of the 
contact p o i n t a o n th is locus that coincides w i t h a p o i n t of contact p o f the robot . Xa a n d ya 
can be expressed as 
Xa Xc — RSaCg 
= (4.4) 
ya Yc + RCaCp 
Dif ferent ia te the Eq. (4.4) w i t h respect to t ime, ve loc i ty constra ints of the contact p o i n t a are, 
^a ^aCoc 
. = ^ (4.5) 
Va ^a^a 
4.4 Line following ^ 
w h e r e Va is the contact p o i n t ve loc i ty , 
” a = R i (4.6) 
N o t e tha t Eq. (4.5) is i ndependen t o f the lean angle /3 a n d is the same as the r o l l i n g con-
stra ints of a t yp i ca l m o b i l e robot , i.e. there is n o d r i f t t e r m i n Eq. (4.5). 
The status of the contact p o i n t of the robo t can be descr ibed b y an a l te rnat ive set of 
con f igu ra t ions based o n [15], 
q = (P,釣 ^ ) = ( ( 〜 , V a ) , ^ , «0 , (4.7) 
w h e r e p, ip a n d K are the pos i t i on , head ing o r ien ta t i on a n d the p a t h cu rva tu re o f the robo t 
w i t h respect to the ine r t ia l f rame, respect ively. The n e w c o n f i g u r a t i o n o f the robo t is s h o w n 
i n F igure 4.1. The head ing o r ien ta t ion Lp is measured abou t the X-axis w h i l e the y a w angle 
a is measured about the Y-axis. T h e n 
7T 
^ = Q^  - 2 ' ^ = &. (4.8) 
We inc lude the p a t h cu rva tu re i n the n e w con f igu ra t ion , pa r t i a l l y because a veh ic le u n d e r 
the n o n h o l o n o m i c constra ints can execute o n l y a p a t h that has cu rva tu re c o n t i n u i t y [17]. 
The contact p o i n t a o f the robo t have three degrees of f r e e d o m Xa： ya, ^ b u t w e o n l y have 
t w o con t ro l i npu t s the steer ing ve loc i t y a a n d the l inear ve loc i t y Va fo r th is n o n h o l o n o m i c 
system. We can replace the o r i g ina l con t ro l i npu t s b y the p a t h cu rva tu re K a n d the contact 
p o i n t ve loc i t y Va because the m o t i o n of the contact p o i n t a undergoes n o n h o l o n o m i c m o t i o n 
[15]. I ts p a t h cu rva tu re n can be expressed as, 
— 碰 — 巡 _ 巡 — 丄 
邵 ) - d s � W � W _ r W (4.9) 
where r{t), s a n d (p{t) are the rad ius of the curva tu re f r o m the center of r o ta t i on c to the con-
tact p o i n t a, the p a t h length , and the ro ta t iona l ve loc i ty of the robot , respect ively. (Figure 4.1) 
I f the center c of the ro ta t i on is at in f in i ty , the robot is m o v i n g o n a s t ra igh t l ine a n d the p a t h 
curva tu re a n d steer ing ve loc i ty are equal to zero. 
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For s impl ic i ty , w e can decompose any p a t h in to s t ra ight l ines a n d c i rcular arcs. We des ign 
control lers for l ine t rack ing and circle t rack ing separately, and then make the robot f o l l o w 
4.4 Line following ^ 
any pa ths cons is t ing o f l ines a n d arcs b y s w i t c h i n g the p a t h t r a c k i n g cont ro l le rs fo r the 
s t ra igh t l ines a n d circles as i n [32]. A t the f i rs t step, w e need des ign a l ine f o l l o w i n g con-
t ro l le r fo r the robo t , so as to the circle one. 
We d i v i d e the l ine f o l l o w i n g cont ro l le r i n to t w o par ts : (1) ve loc i t y i n p u t s are des igned 
fo r the k inemat i c m o d e l to m a k e the p o s i t i o n a n d o r i en ta t i on er ror asymp to t i ca l l y stable. 
Th is is ca l led ve loc i t y con t ro l law. (2) to rque con t ro l l a w is des igned such tha t the l inear 
a n d s teer ing veloci t ies of the robo t converge to the des igned ve loc i t ies ob ta ined f r o m the 
ve loc i t y con t ro l law. 
4.4.1 Velocity control law 
Based o n [15], w e f i rs t des ign a con t ro l l a w to t rack the Y-axis a n d t h e n ex tend to t rack 
any des i red l ine. Trad i t iona l ly , i n o rder to achieve l ine f o l l o w i n g o f a m o b i l e robo t , one 
designs feedback ve loc i t y i npu t s to con t ro l the k inemat i c mode l . H o w e v e r , w e consider the 
p a t h cu rva tu re as the feedback of the system, ins tead of the l inear a n d s teer ing veloci t ies. 
I t is because the robo t can execute o n l y a p a t h w i t h con t i nuous p a t h cu rva tu re due to the 
n o n h o l o n o m i c constraints. The p a t h curva tu re is i m p l i c i t l y re la ted w i t h the constra ints. I t is 
a bet ter var iab le to describe the m o t i o n con t ro l of the robo t w i t h n o n h o l o n o m i c constraints. 
For example, w h e n w e d r i v e the au tomob i le , w e pos i t i ve l y con t ro l the p a t h cu rva tu re to 
f o l l o w the road t h r o u g h the steer ing f ron t whee l . Therefore, w e cons ider the der i va t i ve of 
the p a t h curva tu re as the ve loc i ty con t ro l l a w a n d then express the de r i va t i ve of the p a t h 
curva tu re ( ¾ ) w i t h respect to the p a t h l eng th s as : 
dn 石:二 -aK - hif - CXa, (4.10) 
where a, b a n d c are pos i t i ve constants and Eq. (4.10) is cal led a s teer ing f u n c t i o n i n [15]. I f 
(a, b, c) are selected such that Eq. (4.10) is asympto t i ca l l y stable, the c o n t i n u i t y of the p a t h 
curva ture can be ensured and g ^ 0 as the p a t h l eng th s increases, i. e., 2；« ^ 0, /^  ^ • 
and <f ~> 0 as s increases. Hence, the robot converges to the Y-axis asymptot ica l ly . The p a t h 
curva t ive feedback K can be f o u n d ou t b y in tegra t ing the Eq. (4.10) i n each instant . G i ven the 
Hnear ve loc i ty a n d the p a t h curvature feedback, w e can ob ta in the co r respond ing steer ing 
velocit ies a fo r the robot accord ing to Eq. (4.9). 
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4.4.2 Convergence for the velocity control law 
To achieve convergence of the con t ro l l a w Eq. (4.10), w e m u s t select a p r o p e r set o f (a, b, c). 
We in t roduce a n e w t i m e scale w h i c h is i den t i ca l to the d is tance a l o n g the des i red p a t h y。 
a n d represent a l l the var iab les i n Eq. (4.10) ( ¾ ^ , ^ a n d 奢） in t e rms o f the de r i va t i ve o f Xa 
w i t h respect to ya. ( ^ ) 
^ = - - i * J (4.11) 
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N o t e t h a t i f o ; a ^ 0 , 象 — 0 , 齋 ^ 0 a n d 餘 ~> 0, t h e n < ^ 4 0, K ~> 0 a n d f — 0. Hence, 
the robo t converges to the Y-axis. Jn order to t rack the Y-axis, Xa a n d i ts de r i va t i ve w i t h 
respect to ya m u s t converge to zero. To th is end, w e def ine a sys tem of f i rs t o rder equat ion, 
£ = 彻 ， （4.14) 
where 
- *n r * 
6 Xa 
、 三 ^ 2 三 敎 (4.15) 
_ ^ 3 j [ 翁 . 
I f the sys tem Eq. (4.14) is asymptot icaUy stable, the robo t converges to the Y-axis f r o m 
any in i t i a l conf igura t ions because Xa and its der iva t i ve w i t h respect to ya converge to zero 
asymptot ica l ly . A f t e r subs t i tu t ing Eqs. (4.10), (4.11), (4.12), a n d (4.13) i n to Eq. (4.14), w e 
have 
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d(l dXa 
‘ = 4 = & (4.16) 
P ~ = 尝 = 6 ， (4.17) 
dya dyl 
d^3 _ d^Xg 
dya — dyl 
= 3 6 ^ l ( l + ^ l ) " ' - < 3 ( l + e | ) ^ 
—6(1 + e 2 ? t a n - ' ^ 2 - c f i ( l + 动 2 (4.18) 
N o w w e s h o u l d choose a p r o p e r set o f (a, b, c) such tha t the zero e q u i l i b r i u m o f the sys tem 
Eq. (4.14) is a s y m p t o t i c a l l y stable. U s i n g the Jacobian l i nea r i za t i on , the s y s t e m Eq. (4.14) 
become, 
d^ “ 
¥ , 礼 (4.1¾ 
w h e r e 
0 1 0 
, � d / 1 
^ = : ^ = 0 0 1 (4.20) 
Lfl^ 《」W 
—c —b —a 
To ensure the asymp to t i c s tab i l i t y o f the sys tem Eq. (4.19), a l l e igenva lues o f A s h o u l d have 
nega t i ve rea l par ts . The character ist ic e q u a t i o n o f A is 
入3 + aX^ + bX + c = 0, (4.21) 
w h e r e 入 are the e igenva lues of A. By R o u t h H u r w i t z c r i te r ion , a, b a n d c m u s t be larger t h a n 
zero w h i l e ah > c. I f a l l e igenva lues o f A are equa l to - k , t h e n 
a = 3k, b = 3A;2, c = k^. (4.22) 
w h e r e k is the ga in o f the ve loc i t y con t ro l law. Based o n Eq. (4.22), w e can ensure the loca l 
convergence of the sys tem Eq. (4.14) a n d the con t ro l l a w Eq. (4.10), such tha t the robo t can 
converge to the Y-axis asympto t ica l l y . h \ [15], au thors let 
^ = 1 (4.23) 
w h e r e cr is caUed the smoothness of the ve loc i t y con t ro l law. 
The g loba l s tab i l i t y o f the sys tem can be p r o v e d u s i n g the f o l l o w i n g L y a p u n o v func t i on : 
^ = ^ y + - y + 1 ^ ' + bya9 + ^ S ^ + a ( l — C y , (4.24) 
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F igure 4.2: Schematic o f the con t ro l a l g o r i t h m fo r the Y-axis. 
w h e r e a, b, c are pos i t i ve constants i n Eq. (4.10). The de ta i l ed p r o v e o f the g l oba l s tabiHty has 
been s h o w n i n [15]. 
4.4.3 Torque control law 
I n th is sect ion, w e des ign the to rque con t ro l such tha t the robo t can t rack the p a t h cu rva tu re 
ob ta ined f r o m i n teg ra t i on of Eq. (4.10). G i v e n the l inear ve loc i t y o f the robo t , i t can t rack the 
p r e v i o u s l y m e n t i o n e d p a t h cu rva tu re i f i ts s teer ing ve loc i t y d converges to the cor respond-
i n g va lues ob ta ined f r o m Eq. (4.9). The to rque con t ro l p r o b l e m reduces to des ign the to rque 
i n p u t s of the robo t such tha t i ts p a t h cu rva tu re converges to the des i red va lue b y con t roUing 
the s teer ing veloc i ty . 
H o w e v e r , i f w e ignore the la tera l s tab i l i t y d u r i n g the p a t h f o l l o w i n g , the robo t faUs 
d o w n . I n Sect ion 3.3, w e p r o p o s e d an a l g o r i t h m to con t ro l the s teer ing ve loc i t y b y t rack-
i n g a lean angle t ra jectory Sp(t) tha t is co r respond ing to the des i red s teer ing ve loc i t y dve/ 
based o n Eq. (3.10). A s s u m i n g tha t w e can con t ro l the lean angle 0 faster t h a n the con t ro l 
of the p a t h cu rva tu re «, w e can consider K to be f i xed i n the /3 t i m e scale. The l inear state 
feedback fo r s tabiHzing the robot to the des i red lean angle is 
^Pa = -h{Sp - Spref{t)) - k2Sp (4.25) 
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Figure 4.3: F o l l o w i n g a des i red l ine. 
w h e r e b^ a n d h^rej are the sma l l p e r t u b a t i o n of the lean angle f r o m the ve r t i ca l p o s i t i o n 
a n d the reference lean angle respect ively. N o t e tha t the s teer ing ve loc i t y a does n o t appear 
i n Eq. (4.25) because i f the robo t stabi l izes to the des i red lean angle 5 问 ' i t s s teer ing rate 
m u s t converge to an e q u i l i b r i u m va lue accord ing to Eq. (3.10). Therefore, n o need to i nc lude 
the steer ing ve loc i t y i n the state feedback Eq. (4.25). The ove ra l l ar t ichecture of the con t ro l 
a l g o r i t h m has s h o w n i n F igure 4.2. 
Remark : The L ine f o l l o w i n g cont ro l ler fo r the Y-axis can be ex tended to t rack any des i red 
l ine b y ad jus t ing the der i va t i ve of the p a t h cu rva tu re to the f o r m as: 
dhi 
^ = - a K - h{ip - Lpi) — c8d, (4.26) 
whe re cpi a n d ^ are the d i rec t ion of the des i red l ine a n d the pe rpend i cu la r d istance be tween 
the robo t a n d the l ine respect ively ( F igure 4.3 ). Le t the des i red l ine be descr ibed b y Ax + 
By + C = 0, t hen 
丄 B _ Axa + Bva + C 
(pi = arctan —, Sd = ~ • 洲 ~ . (4 27) 
A' V A 2 + ^ 2 、*•">» 
whe re A, B, a n d C are constants. I f ^ > 0, the robo t is o n the le f t s ide of the des i red l ine 
and vice versa. I f ^ = 0, the robot is o n the l ine. 
3.4 Simulation Study 47 
I f w e t r a n s f o r m the o r i g i na l sys tem b y the t r a n f o r m a t i o n m a t r i x 
Cipi 5*( i^ 0 
T= - 5 ^ 1 C^ d , (4.28) 
0 0 1 
such that the des i red l ine becomes the Y-axis of the g loba l coord inates system. T h e n 
^1 = 0,¾ = - X a , 
SO that the prove of convergence for following any desired line is the same as the line fol-
lowing for the Y-axis. 
4.5 Simulation study 
4.5.1 Effect of the initial heading angle 
I n th is section, w e s h o w three s imu la t i on results (51, S2 and 53) , i n w h i c h the robo t tracks 
the Y-axis, unde r d i f fe rent i n i t i a l condi t ions. The s imu la t i on results a n d the i n i t i a l cond i t ions 
are s h o w n i n Figures 4.4,4.5,4.6 and Table 4.1, respectively. W i t h i n these three s imula t ions , 
w e cont ro l the ro l l i ng speed 7 of the robot to a constant va lue ( 30 r a d / s ), b y set t ing the 
n o m i n a l r o l l i ng speed Uo to th is va lue, thus the contact p o i n t ve loc i t y Va w i l l also be con-
stant. The smoothness sets to 30. 
For s imu la t i on 51, the robot has smal ler p a t h curvature t han i n s imu la t i on S2 because 
i ts i n i t i a l head ing angle <^(0) i n s imu la t i on 5 1 is less dev ia ted f r o m the Y-axis t han that of 
s imua l t i on S2. Fur thermore , since the robot has larger p a t h curva tu re i n s imu la t i on S2, the 
robot make sharper turns. To th is end, the robot have to lean steeper fo r p r o v i d i n g suf f ic ient 
steer ing ve loc i ty d than the case i n s imu la t ion Sl. This s i tua t ion becomes more ser iously 
i n s imu la t i on 53. F r o m Figure 4.6, i t shows that the lean angle /3 becomes saturated before 5 
sec. I t is because the in i t i a l head ing angle (^(0) is more than 90°, i n order to ensure the cur-
vature con t i nu i t y w h i l e f o l l o w i n g the Y-axis, i t shou ld have largest p a t h curvature a m o n g 
three such that the lean angle f3 of the robot is the steepest, so that i t p rov ides enough steer-
i n g velocity. A s w e have already set u p a Hmit for the state feedback control ler , the lean 
angle can on l y be stabiHzed w i t h i n (3 G ( - 6 0 ° , 60。），otherwise the contro l ler w i l l become 
3.4 Simulation Study 48 
(a) (b) (a) (b) 
5 r . • . 1 115| 1 6 | 1 i 1 130( 1 \ : f \ \ 
4 V ； ” Q , 5 • • V ： 120 
1：11：：：：]：：：：：：：： l : : : : : I [：：：：：. 1:::\::::::[:::::.‘:.:: 1:::::工二]二 
^ \ : ^ ^2......\: c^ go y - ^ - ^ ~ ~ ~ ^ — — 
: X ： ： ：： ' r ^ x _ L _ 1 . . . . . . . . ^ ^ c _ _ . . 8 � / ..:........:..—..‘.....� 
u ： ： ： yu / ： 0 _ 、 — _ : • • ； 70 w -l' ^ 1 8s' i i • 1 -J i ； I 6ol ： ^ '.' 0 20 r40 1 60 0 5 10 15 20 0 20 r40 ^ 60 0 5 10 15 20 x[m\ t x[m\ t 
(c) (d) (c) (d) 5| • 1 100| 1 30{ . . . 1 100| . 
0 -.....^^ ； •__• 20 V 丨 •_• 
¥-5 ； ^ ^ ^ 1'° 丨 ?.» : 1 " : 
i^：：：：：::::: t " ^ ^ ~ ^ V ^ r a - ^ " ^ ― 
, / -50 \ / -50 
-20 W …… I _20 VX,: 
-25 ' ‘ ^ - 100 ' i i 1 - 3 o ' i i 1 - 100 ' 1 i 1 0 5 10 15 20 0 5 10 15 20 0 5 10 15 20 0 5 10 15 20 
t t t t 
(e) x10-3 (0 (e) x10"' (0 
30| 1 1 4| • • • 1 80. . 1 5p^  . . 1 
#^ :^ ^ ip^  :E^  
515.........:......丨.......丨........叫........:.....,................. 5^ °................丨............^  / ： 
10 .. ‘.... ..... .. .. -4 . ... .... .... ...... ..... ... 30 ...... . .. .. - � � . . . . ： .....j. 
20 / 
5 Q -15 7 ‘ � 1° i/ 0' - 8 ' o' ： i i _2nl i i ； 0 5 10 15 20 0 5 10 15 20 0 5 10 15 20 0 5 10 15 20 
t t t t 
Figure 4.4: The s imu la t i on results (51) for fo l - F igure 4.5: The s imu la t i on results (52) for fo l -
l o w i n g the Y-axis. l o w i n g the Y-axis. 
saturated and lean angle w i l l be f i xed at the l i m i t i n g value. W h e n the robot g radua l l y ap-
proaches to the Y-axis, the pa th curvature decreases so that the robot need n o t make sharp 
turns. Therefore, the lean angle g radua l l y increase u n t i l i t reaches to the ver t ica l pos i t ion. 
(90。） 
Table 4 1 : The in i t ia l condi t ions for the s imulat ions S1, 52 and 53. 
Simulation X a Yg a(Q) /3(0) 7(O) a(0) ${0) 7(O) /<0) "a(0) y^(0)“ 
51 5[m] 0 70。 110° 0 0 0 30 rad/s 0 0 -20° 
52 5[m] 0 110° 130° 0 0 0 30 rad/s 0 0 20。 
>g'3 5[m] Q 210。110。 0 0 0 30 rad/s 0 0 120° 
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F igu re 4.6: The s i m u l a t i o n resul ts (53) o f the F igu re 4.7: The s i m u l a t i o n resu l ts f o r f o U o w -
r o b o t f o r f o l l o w i n g the Y-axis. i n g the Y-axis w i t h 7 = 10 rad|s. 
4.5.2 Effect of the rolling speed 
I n th is sect ion, w e s t u d y the effect o f the r o l l i n g speed o f the r o b o t 7 t o the p a t h f o l l o w i n g 
cont ro l le r . The s i m u l a t i o n resul ts w i t h d i f f e ren t r o l l i n g speeds are s h o w n i n F i gu re 4.7 a n d 
4.8. B o t h o f t h e m have the same i n i t i a l c o n d i t i o n s as i n s i m u l a t i o n S'1. For 7 = 30 rad/s, the 
r o b o t w i l l converge to the Y-axis r a p i d l y t h a n the o the r one, c o m p a r i n g w i t h F i gu re 4.7a a n d 
4.8a. F r o m F igu re 4.7b a n d 4.8b, the change of the lean ang le (3 o f the r o b o t w i t h l o w e r r o l l i n g 
speed is m o r e s ign i f i can t t h a n tha t o f the robo t w i t h h i g h e r r o l l i n g speed. I t is because i f the 
r o b o t has greater r o l l i n g speed, acco rd ing to Eq. (4.9), less s teer ing v e l o c i t y is r e q u i r e d fo r 
t r a c k i n g the same p a t h c u r v a t u r e feedback K. Thus , the change of the lean ang le /5 decreases 
based o n Eq. (3.10). 
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F igu re 4.8: T h e s i m u l a t i o n resu l ts f o r f o l l o w - F i gu re 4.9: T h e s i m u l a t i o n resu l ts f o r f o U o w -
i n g the Y-axis w i t h 7 = 30 rad/s. i n g a des i red l i ne y = t a n 30°rc. 
4.5.3 Follow a desired line 
I n th is sect ion, w e s h o w the s i m u l a t i o n resu l ts o f the r o b o t to f o l l o w a des i red l i ne y = 
tan30°r r . The s i m u l a t i o n resul ts are s h o w n i n F igu re 4.9. The i n i t i a l c o n d i t i o n s i n th i s s i m u -
l a t i o n are i den t i ca l t o s i m u l a t i o n 51. F r o m Eq. (4.27), 
- = > = ¾ ^ . _ 
F r o m F igu re 4.9, the r o b o t can f o l l o w the des i red l i ne w M e the l ean ang le j3 is n o t ove r the 
l i m i t i n g va lue . 
4.5.4 Effect of the smoothness parameter 
fri th is sect ion, w e s h o w the effect o f the smoothness a to the r e s u l t i n g p a t h c u r v a t u r e o f the 
robot . Ln [15], au tho rs s h o w e d tha t a larger smoothness w i l l have a smoo the r m o t i o n such 
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Figure 4.10: The s imu la t i on results for fo l - F igure 4.11: The s imu la t i on results for fo l -
l o w i n g the Y-axis w i t h a = 20. l o w i n g the Y-axis w i t h a = 40. 
that the resu l t ing p a t h curvature n w i l l be smaller. For the robot w i t h smaUer smoothness, 
the resu l t ing p a t h curvature w i l l be larger, thus i t converges to the desi red l ine more quickly. 
Therefore, the smoothness no t on l y affects the pa th curvature of the robot , b u t also affects 
the t ime spent / distance t rave l led the l ine fo l l ow ing . The s imu la t i on results w i t h d i f ferent 
smoothnesses are s h o w n i n Figure 4.10 and 4.11 respectively. Jn F igure 4.10a, the robot 
converges to the Y-axis m u c h rap id l y than the case i n Figure 4.11a. Therefore, for the robot 
w i t h smaller smoothness, i t w i l l have larger pa th curvature and the change of lean angle 




Jn. th is thesis, w e present a s t u d y of the f u n d a m e n t a l characterist ics of the s ing le w h e e l robot , 
a n d deve lop a d y n a m i c m o d e l a n d con t ro l me thods of th is robot . The o r i g i na l con t r i bu t i ons 
of th is thesis are s u m m a r i z e d be low. 
• M o d e l i n g . We deve loped the k inamet ic a n d d y n a m i c mode l s of the s ingle w h e e l 
robot . I n de r i va t i on of the mode l , w e consider the robo t as a c o m b i n a t i o n of three 
components : a r o l l i n g d isk , an in te rna l mechan i sm a n d a flywheel. T h e y are l i n k e d 
b y a t w o - l i n k man ipu la to r . We s imp l i f i ed the m o d e l b y d e c o u p l e d the t i l t angle of the 
flywheel f r o m the dynamics . We ve r i f i ed the m o d e l b y expe r imen t a n d s imu la t ion . We 
demons t ra ted that the dynamics of the robo t is n o n h o l o n o m i c a n d underac tua ted . We 
demons t ra ted the dynamics coup l i ng be tween the w h e e l a n d the flywheel, t h r o u g h 
the s tab i l i za t ion a n d t i l t i ng effect of the flywheel to the robot . 
• Stabilization. We l inear ized the deve loped m o d e l b y p e r t u r b a t i n g the r o l l i n g speed 
to specif ic quant i t ies. The p i t c h angle is decoup led f r o m the y a w a n d r o l l dynamics 
after l inear izat ion. We demons t ra ted the con t ro l lab i l i t y a n d n o n - m i n i m u m phase be-
h a v i o u r of the mode l . We des igned a l inear state feedback fo r s tab i l i z ing the robo t to 
any des i red lean angle. 
• Path following. We deve loped a contro l ler fo r the single w h e e l robo t to t rack any de-
si red l ine. We d i v i d e d the contro l ler in to t w o parts: (1) ve loc i ty i npu ts are des igned 
for the k inemat ic m o d e l to ensure the pos i t i on and o r ien ta t ion error to be asympto t i -
cal ly stable. Th is is cal led the ve loc i ty cont ro l law. (2) to rque con t ro l l a w is des igned 
52 
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such tha t the l inear a n d s teer ing veloc i t ies converge to the des i red ve loc i t ies ob ta ined 
f r o m the ve loc i t y con t ro l law. I n the f i rs t pa r t , w e cons idered the de r i va t i ve o f the p a t h 
cu rva tu re as the ve loc i t y con t ro l law. We demons t ra ted the asymp to t i c s tab i l i t y o f th is 
con t ro l law. I n the second par t , w e cons idered the l inear state feedback as the to rque 
con t ro l law. I t is to stabi l ize the robo t to the des i red lean angle w h i c h is co r respond-
i n g to the s teer ing ve loc i t y ob ta ined f r o m the ve loc i t y con t ro l law. We inves t iga ted 
the effects of the i n i t i a l h e a d i n g angle, r o l l i n g speed a n d con t ro l le r gains to the l ine 
f o l l o w i n g contro l ler . 
5.2 Future work 
I n th is thesis, w e p r o v i d e the founda t i ons of the dynam ics a n d con t ro l o f the s ingle w h e e l 
robot . I t is o n l y the f i rs t step t o w a r d the au tomat ic con t ro l o f the robot . The f o l l o w i n g are 
possible i m p r o v e m e n t s a n d extensions of th is w o r k : 
• Stabilization of the robot using nonlinear methods. The linearized model simpUfies 
the s tab i l i za t ion p r o b l e m of the robot . H o w e v e r , the p r o p o s e d Hnear state feedback 
o n l y gurantees the local s tab i l i t y of the system. We desire to seek a nonHnear con t ro l 
me thods fo r the s tab i l i za t ion such that the g loba l s tab i l i t y of the sys tem can be en-
sured. The non l inear m o d e l of the robo t is d i f fe ren t f r o m the o r d i n a r y underac tua ted 
systems such as the underac tua ted man ipu la to rs because th is m o d e l does n o t have 
the o f f -d iagona l te rms i n i ts iner t ia ma t r i x , thus the r o l l dynam ics of the robo t is o n l y 
ve loc i ty c o u p l i n g be tween the y a w a n d p i t c h mot ions . Therefore, the t yp i ca l non l i n -
ear con t ro l me thods for the underac tua ted man ipu la to rs are n o t su i table to the single 
w h e e l robot . One of the suggest ions is the backs tepp ing con t ro l m e t h o d . I f w e assume 
that the r o l l i ng speed of the robot is f ixed, the r ema in i ng sys tem can be v i e w e d as a 
cascade connect ion be tween the y a w a n d roU mot ions . The c o u p l i n g of the t w o sub-
systems is t h r o u g h the steer ing ve loc i ty a and the leanin f rate /5. Th is w i l l become the 
s tandard f o r m for a p p l y i n g the backs tepp ing cont ro l me thod . 
• Circle fol lowing controller. The p roposed l ine f o l l o w i n g cont ro l ler can be ex tended to 
the circle f o l l ow ing . The basic idea for th is contro l ler can be adop ted f r o m [16]. Jn the 
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circle f o U o w i n g controUer, the reference p a t h cu rva tu re is n o t f i x e d to zero a n d the ref-
erence h e a d i n g angle is t ime -va ry i ng . A f t e r d e v e l o p i n g the circle f o l l o w i n g cont ro l ler , 
w e con t ro l the robo t to t rack any pa ths cons is t ing o f Unes a n d arcs b y s w i t c h i n g the 
p a t h t r ack i ng controUers fo r the s t ra igh t l ines a n d circles. 
• Exper iments . U n t i l n o w , w e have n o t i m p l e m e n t e d the p r o p o s e d l inear state feedback 
a n d the l ine f o l l o w i n g controUer to the s ingle w h e e l robot . The robo t have instaUed 
the gy ros a n d t i l t sensor to measure the angu la r ve loc i t ies a n d lean angle respect ively. 
I t is possib le to i m p l e m e n t the p r o p o s e d l inear state feedback to stabi l ize the robo t to 
any des i red lean angle. For the l ine f o U o w i n g contro l ler , i t is necessary to local ize the 
p o s i t i o n of the robo t i n real t ime before i m p l e m e n t i o n o f the Une f o l l o w i n g contro l ler . 
One of the suggest ions is to use a C C D camera m o u n t e d o n the ce i l i ng to measure the 
p o s i t i o n of the robo t i n real t ime. 
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